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CONGRUENCES BETWEEN HILBERT MODULAR FORMS OF
WEIGHT 2, AND THE IWASAWA λ-INVARIANTS
YUICHI HIRANO
Abstract. The purpose of this paper is to prove the equality between the algebraic Iwa-
sawa λ-invariant and the analytic Iwasawa λ-invariant for a Hilbert cusp form of parallel
weight 2 at an ordinary prime p when the associated residual Galois representation is re-
ducible. This is a generalization of a result of R.Greenberg and V.Vatsal.
0. Introduction
0.1. Introduction. In this paper, we study a way to obtain the equality between the alge-
braic Iwasawa λ-invariant and the analytic Iwasawa λ-invariant from a congruence between
a Hilbert cusp form of parallel weight 2 and a Hilbert Eisenstein series of parallel weight 2.
Our result is a generalization of the work of R.Greenberg and V.Vatsal [Gre–Vat] for ellip-
tic modular forms, which is not covered by the advanced work of C. Skinner and E.Urban
[Ski–Ur] who assume absolute residual irreducibility.
Let F be a totally real number field of degree n with narrow class number h+F = 1. Let
oF denote the ring of integers of F , and let ∆F denote the discriminant of F . Let n be
a non-zero ideal of oF such that n is prime to 6∆F . Let p be a prime number such that
p ≥ n + 2 and p is prime to 6n∆F . We fix algebraic closures Q of Q and Qp of Qp, and
embeddings Q →֒ Qp →֒ C. Let O be the ring of integers of a finite extension K of the field
Φp defined in §1.4, ̟ a uniformizer of O, and κ the residue field of O. Let F∞ denote the
cyclotomic Zp-extension of F . We put Γ = Gal(F∞/F ). Let Λ denote the Iwasawa algebra
O[[Γ]]. Let S2(n,O) denote the space of Hilbert cusp forms of parallel weight 2 and level n
with coefficients in O (see (1.13)). Let Y (n) be the Shimura variety Γ1(dF [t1], n)\HHom(F,R)
defined by (1.1), and let Y (n)BS be the Borel–Serre compactification of Y (n) (cf. §3.2). Let
C denote the set of all cusps of Y (n), and let Ds denote the boundary of Y (n)
BS at s ∈ C.
Let C∞ be the subset of C consisting of cusps Γ0(dF [t1], n)-equivalent to the cusp ∞ (where
Γ0(dF [t1], n) is the congruence subgroup defined in §1.1). Let DC∞(n) denote the union of
Ds for all s ∈ C∞.
Let f ∈ S2(n,O) be a normalized Hecke eigenform for all Hecke operators with character
ε and p-ordinary. We assume that the residual Galois representation ρ¯f (= ρf (mod̟)) :
GF → GL2(κ) associated to f is reducible and of the form
ρ¯f ∼
(
ϕ ∗
0 ψ
)
.
Theorem 0.1. Let f ∈ S2(n,O) as above. We assume that the above ϕ (resp. ψ) is ramified
(resp. unramified) at every prime ideal of oF lying above p, totally even (resp. totally odd),
and the associated algebraic Iwasawa µ-invariant is 0 (for the definition, see §2.4 (µ = 0)).
Let n′ be the least common multiple of n2 and mεm2ψ, where m∗ is the conductor of ∗. We
put g = (f ⊗ 1n) ⊗ 1mψ ∈ S2(n′,O) (cf. [Shi, Proposition 4.4, 4.5]), where, for a non-zero
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ideal a of oF , 1a is the trivial character modulo a. Let χ be an O-valued narrow ray class
character of F , whose conductor is the level n′, such that χ is of order prime to p, totally
even, and the algebraic Iwasawa µ-invariants of ϕχ and ψχ are 0. Let f ⊗ χ be the Hecke
eigenform twisted by χ (defined in [Shi, Proposition 4.4, 4.5]). We assume the following two
conditions:
(a) the local components Hn(∂
(
Y (n′)BS
)
,O)m and Hn+1c (Y (n′),O)m are torsion-free, where
m is the maximal ideal of H2(n′,O) defined at the beginning of §5.1;
(b) the local component Hn(DC∞(n
′),O)m′g is torsion-free, where m′g is the maximal ideal of
H2(n
′,O)′ defined before Proposition 4.1.
Then we have the following:
(1) (Theorem 2.11, §2.5) the Selmer group Sel(F∞, Af⊗χ) for f ⊗ χ (for the definition, see
§2.4, §2.5) is finitely generated Λ-cotorsion, and
λalg
f⊗χ = λϕχ,Σ0 + λψχ,Σ0 .
Here λalgf⊗χ is the algebraic Iwasawa λ-invariant for f ⊗ χ defined by (2.5), and λϕχ,Σ0
and λψχ,Σ0 are the classical algebraic Iwasawa λ-invariants defined by (2.6) and (2.7),
respectively.
(2) (Theorem 4.2) if χ is of type S (that is, Q
ker(χ) ∩ F∞ = F ), then there exists a p-adic
L-function Lp(f , χ, T ) ∈ O[[T ]] satisfying the following interpolation property: for each
finite order character ρ of Γ with conductor pνρ,
Lp(f , χ, ρ(γ) − 1) = α−νρτ(χ−1ρ−1) D(1, f , χρ)
(−2π√−1)nΩ1g
∈ O(ρ).
Here α−νρ =
∏
p|p α
−νρ,p
p for p
νρ =
∏
p|p p
νρ,p, where αp is a unit root of the polynomial
defined by (3.9), τ(χ−1ρ−1) denotes the Gauss sum of χ−1ρ−1 defined by [Shi, (3.9)],
D(1, f , χρ) is given by the Dirichlet series in the sense of G. Shimura (see (1.10)), Ω1g ∈
C× is the canonical period (defined in §4.2) of g ∈ S2(n′,O) and the trivial character 1
of the Weyl group WG, and O(ρ) denotes the ring of integers of the field generated by
im(ρ) over K.
(3) (Theorem 5.1) the algebraic Iwasawa λ-invariant λalgf⊗χ above is equal to the analytic
Iwasawa λ-invariant λanf⊗χ for f ⊗ χ defined by (5.1):
λalg
f⊗χ = λ
an
f⊗χ(= λϕχ,Σ0 + λψχ,Σ0).
This result is a generalization of the result of Greenberg and Vatsal [Gre–Vat] in the case
where F = Q and weight k = 2. However, the methods to prove Theorem 0.1 (2) and (3)
have some limitations, such as the need for the torsion-freeness on the compactly supported
cohomology and the boundary cohomology. In the case where F is a real quadratic field, the
torsion-freeness is satisfied under some conditions (Proposition 6.4 and 6.5). We also give
examples satisfying all the assumptions of the main theorem (Example 6.6).
Remark 0.2. The assumption on the algebraic Iwasawa µ-invariant of a narrow ray class
character η is satisfied if Q
ker(η)
is an abelian extension over Q by Ferrero–Washington
theorem (see, for example, [Was, §7.5, Theorem 7.15]).
Our proof based on the method of Greenberg and Vatsal requires new ingredients; a crite-
rion for the Λ-cotorsionness of Selmer groups (§2.4), a construction of a C-valued distribution
interpolating special values of the L-functions (§3.3), a criterion for the integrality of special
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values of the (p-adic) L-functions divided by the canonical period defined in terms of para-
bolic cohomology (§4.3), and a congruence between our p-adic L-function and the product
of two Deligne–Ribet p-adic L-functions (§5.2). We give an outline of the proof of the main
theorem (Theorem 0.1) below in order to clarify its complicated structure, the methods used,
and the places where the assumptions are necessary. The proof consists of three steps.
Step 1. To prove Theorem 0.1 (1).
Since ρf⊗χ is reducible, we have an exact sequence of residual Galois representations
0→ Aϕχ[̟]→ Af⊗χ[̟]→ Aψχ[̟]→ 0.
Here A∗ denotes a torsion quotient of the Galois representation associated to ∗ ∈ {f ⊗
χ,ϕχ, ψχ} (for the definition, see §2.1), which is an O-module, and A∗[̟] denotes the
̟-torsion of A∗. By the parity conditions on ϕχ and ψχ, this sequence induces an exact
sequence of the ̟-torsion of (non-primitive) Selmer groups
0→ SelΣ0(F∞, Aϕχ)[̟]→ Sel(F∞, Af⊗χ)[̟]→ SelΣ0(F∞, Aψχ)[̟]→ 0(0.1)
(Theorem 2.11 (2.4)). It follows from the isomorphism Sel(F∞, Af⊗χ) = SelΣ0(F∞, Af⊗χ) (cf.
Proposition 2.6), the vanishing results of H0(F∞, Aψχ[̟]) (Lemma 2.8) andH2(F∞, Aϕχ[̟])
(Lemma 2.10), and the isomorphism SelΣ0(F∞, A[̟]) ≃ SelΣ0(F∞, A)[̟] for A = Af⊗χ, Aϕχ,
or Aψχ (Proposition 2.3). Now, by the assumption on the algebraic Iwasawa µ-invariants
of ϕχ and ψχ, the group Sel(F∞, Af⊗χ)[̟] is finite, and hence Sel(F∞, Af⊗χ) is finitely
generated Λ-cotorsion (Theorem 2.11).
By Proposition 2.5, we have corankO(Sel(F∞, Af⊗χ)) = dimκ(Sel(F∞, Af⊗χ[̟])) and
corankO(SelΣ0(F∞, A)) = dimκ(SelΣ0(F∞, A[̟])) for A = Aϕχ and Aψχ. It follows from
the fact obtained by T.Weston [We] that, for A = Af⊗χ, Aϕχ, and Aψχ, Sel(F∞, A) has no
proper Λ-submodules of finite index. Now, again using the exact sequence (0.1), we obtain
the equality λalg
f⊗χ = λϕχ,Σ0+λψχ,Σ0 (Theorem 2.11 (2.3)). The proof is based on the method
of Greenberg and Vatsal [Gre–Vat, §2].
Step 2. To prove Theorem 0.1 (2).
We first construct a C-valued distribution attached to a Hilbert cusp form f of parallel
weight 2 (Proposition 3.7) interpolating special values of the associated L-functions (Proposi-
tion 3.8). This is a generalization of results of Y.Amice and J.Ve´lu [Ami–Ve], M.Vishik [Vi],
and B.Mazur, J. Tate, and J.Teitelbaum [MTT]. The proof is based on Mellin transforms for
the compactly supported cohomology class [ωf ]c in H
n
c (Y (n),C) (Proposition 3.5 and 3.6),
which implies that the special values of the associated L-functions are expressed as a linear
combination of the images of [ωf ]c under the evaluation maps with integral coefficients.
Next we prove the integrality of the p-adic L-function. Let [ωg] (resp. [ωg]rel) denote
the image of [ωg]c in the parabolic cohomology H
n
par(Y (n
′),C) (resp. the relative coho-
mology Hn(Y (n′)BS,DC∞(n′);C)). By the Eichler–Shimura–Harder isomorphism (4.1) and
the q-expansion principle over C, there exists Ωg ∈ C× such that the class [ωg]/Ωg be-
longs to the torsion-free part Hnpar(Y (n
′),O)/(O-torsion) of the parabolic cohomology, and
its reduction modulo ̟ does not vanish. By using a vanishing result on Hn−1(DC∞(n′),C)
([Hira, Proposition 5.3]), we prove that the class [ωg]rel/Ωg belongs to the torsion-free part
Hn(Y (n′)BS,DC∞(n′);O)/(O-torsion) of the relative cohomology (Proposition 4.1), where we
use the assumptions (b), h+F = 1, and weight k = 2. This is a generalization of an argument
of Manin–Drinfeld in the case where F = Q (see, for example, [Gre–Ste, Lemma 6.9 (b)]).
Now the integrality of the p-adic L-function follows from the fact D(s, f , χρ) = D(s,g, χρ),
the Mellin transforms for the relative cohomology class [ωg]rel ([Hira, Proposition 2.5 and
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2.6]), and the integrality of [ωg]rel/Ωg (Theorem 4.2), where we use the assumption that the
conductor of χ is the level n′.
Step 3. To prove Theorem 0.1 (3).
Since λalgf⊗χ = λϕχ,Σ0 + λψχ,Σ0 (mentioned in Step 1), Theorem 0.1 (3) follows from the
equality λanf⊗χ = λϕχ,Σ0 + λψχ,Σ0 (Theorem 5.2 (5.3)). The equality is obtained by the
Iwasawa main conjecture for totally real number fields (proved by A.Wiles [Wil90]) and
a congruence between our p-adic L-function and the product of two Deligne–Ribet p-adic
L-functions (Theorem 5.2 (5.2)). The latter follows from congruences between special values
of L-functions obtained from a congruence between the Hilbert cusp form g ∈ S2(n′,O) and
a Hilbert Eisenstein series G ∈M2(n′,O) induced by ψ and εψ−1 (by [Hira, Theorem 6.1]),
where we use the assumptions (a), (b). The proof is based on the method of Greenberg and
Vatsal [Gre–Vat, Theorem 3.11] by using the result [Hira, Theorem 6.1] instead of the result
of Vatsal [Vat, Theorem 2.10].
The organization of this paper is as follows.
In §1, we summarize results on Hilbert modular varieties and Hilbert modular forms in
the analytic and algebraic settings.
In §2, we generalize results of Greenberg and Vatsal [Gre–Vat] on the algebraic side. We
prove that the Selmer group for a Hilbert cusp form is finitely generated Λ-cotorsion, and the
associated Iwasawa λ-invariant is equal to the sum of classical Iwasawa λ-invariants under
some assumptions (Theorem 2.11).
In §3, we construct a C-valued distribution attached to a Hilbert cusp form (Proposition
3.7), which interpolates special values of the associated L-functions (Proposition 3.8).
In §4, we prove the integrality of the p-adic L-function attached to a Hilbert cusp form
divided by the canonical period (Theorem 4.2).
In §5, we generalize results of Greenberg and Vatsal [Gre–Vat] on the analytic side. We
prove that the analytic Iwasawa λ-invariant for a Hilbert cusp form is equal to the sum
of classical Iwasawa λ-invariants under some assumptions (Theorem 5.2 (5.3)). The key
ingredient of our proof is the congruence between special values of the L-functions obtained
from a congruence between a Hilbert cusp form of parallel weight 2 and a Hilbert Eisenstein
series of parallel weight 2, which is the main theorem of [Hira].
In §6, we give examples satisfying all the assumptions of the main theorem (Example 6.6).
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0.2. Notation. Let Ẑ denote
∏
l Zl, where l runs over all rational primes. We abbreviate
AQ, the ring of adeles of Q, to A. We fix a rational prime number p > 3. We fix algebraic
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closures Q of Q and Qp of the field of p-adic numbers Qp, and embeddings ιp : Q→ Qp and
Qp → C, where C denotes the field of complex numbers.
Let F be a totally real number field unramified at p, n the degree [F : Q] of the extension
F/Q, and oF the ring of integers of F . For a place v of F (resp. a non-zero prime ideal
q of oF ), let Fv (resp. Fq) denote the completion at v (resp. the q-adic completion) of
F . Let oFq denote the ring of integers of Fq, and ôF the product of oFq over all non-zero
prime ideals q of oF . Let JF denote the set of embeddings of F into R. For a ∈ F and
ι ∈ JF , let aι denote ι(a). We have F ⊗QR ≃ RJF , and write (F ⊗QR)×+ for the subgroup of
(F ⊗Q R)× corresponding to (R×+)JF , where R×+ denotes the multiplicative group of positive
real numbers. As usual, AF denotes the ring of adeles of F , which is the product of the finite
part AF,f (≃ ôF ⊗oF F ) and the infinite part AF,∞(≃ F ⊗Q R). For x ∈ AF and a place v
of F , x0, x∞, and xv denote the finite component ∈ AF,f , the infinite component ∈ AF,∞,
and the v-component ∈ Fv of x, respectively. For x ∈ AF , a subset X of AF , and a non-zero
ideal n of oF , we write xn and Xn for the images of x and X in
∏
q|n Fq, where q denotes
a non-zero prime ideal of oF . Let N denote the norm map NrF/Q of the extension F/Q,
dF ⊂ oF the different of F , and ∆F the discriminant N(dF ) of F , which is prime to p by
assumption. Let Cl+F denote the narrow ideal class group of F . We have an isomorphism
F×\A×F /ô×F (F ⊗QR)×+
≃−→ Cl+F sending the class of x ∈ A×F to the class of the fractional ideal
[x] :=
∏
q q
ordq(xq), where q runs over the set of all non-zero prime ideals of oF . Let D be an
element of A×F such that [D] = dF and D∞ = 1.
For a non-zero ideal b of oF , let Cl
+
F (b) denote the narrow ray class group of F modulo b.
By a narrow ray class character of F modulo b, we mean a homomorphism χ : Cl+F (b)→ C×.
The conductor of χ is the smallest divisor mχ of b such that χ factors through Cl
+
F (mχ). For
a narrow ray class character χ of F modulo b, there exists an r = (rι)ι∈JF ∈ (Z/2Z)JF such
that
χ((α)) = sgn(α)r for all α ∈ F× satisfying α ≡ 1 (modb).
Here sgn(x) for x ∈ R× denotes the sign of x and sgn(α)r = ∏ι∈JF sgn(αι)rι , where we
identify JF with the set of infinite places of F . We call r the sign of χ. We say that χ is
totally even (resp. totally odd) if rι = 0 (resp. rι = 1) for all ι ∈ JF .
For an algebraic group H defined over Q, H(R) is abbreviated to H∞ and H∞,+ denotes
the connected component of H∞ containing the unit. Let G denote the reductive algebraic
group ResF/QGL2 over Q, where ResF/Q denotes the Weil restriction of scalars. We have
G∞ = GL2(R)JF , G∞,+ = GL2(R)
JF
+ , and G(A) = GL2(AF ). Let B denote the Borel
subgroup of G consisting of upper triangular matrices, and let U denote its unipotent radical.
0.3. Acknowledgement. I would like to thank Professor Takashi Taniguchi (Kobe Univer-
sity) for patiently providing comments and suggestions on the work in §3.1. I am grateful
to Professor Takeshi Tsuji (Tokyo University) for helpful discussions on Proposition 6.5. I
am also grateful to Professor Iwao Kimura (Toyama University) for helpful comments and
suggestions on Example 6.6.
1. Hilbert modular varieties and Hilbert modular forms
1.1. Analytic Hilbert modular varieties. In this subsection, we recall the definition of
analytic Hilbert modular varieties. For more detail, refer to [Dim, §1.1].
Let H be the upper half plane {z ∈ C | Im(z) > 0}. The group GL2(R)+ acts on H
by linear fractional transformations. We can extend the action to GL2(R) by defining the
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action of
(−1 0
0 1
)
on H by z 7→ −z¯. We define the action of G∞ = GL2(R)JF on HJF by
(gι)ι∈JF · (zι)ι∈JF = (gιzι)ι∈JF . Let i = (
√−1, · · · ,√−1) ∈ HJF . Let K∞ and K∞,+ be the
stabilizers of i in G∞ and G∞,+, respectively.
For a non-zero ideal n of oF , we define the open compact subgroup K1(n) of G(Af ) by
K1(n) =
{(
a b
c d
)
∈ G(Ẑ)
∣∣∣∣c ∈ n, d− 1 ∈ n} .
The adelic Hilbert modular variety Y (n) of level K1(n) is defined by
Y (n) = G(Q)\G(A)/K1(n)K∞,+(1.1)
= G(Q)+\G(A)+/K1(n)K∞,+,
where G(A)+ = G(Af )G∞,+ and G(Q)+ = G(Q) ∩ G∞,+. Then Y (n) is a disjoint union of
finitely many arithmetic quotients of HJF as follows. Let a be a fractional ideal of F . We
consider the following congruence subgroups of G(Q)+:
Γ0(a, n) =
{(
a b
c d
)
∈
(
oF a
−1
an oF
) ∣∣∣∣ad− bc ∈ o×F,+} ,(1.2)
Γ1(a, n) =
{(
a b
c d
)
∈ Γ0(a, n)
∣∣∣∣d ≡ 1(modn)} ,
Γ11(a, n) = Γ1(a, n) ∩ SL2(F ),
where o×F,+ denotes the subgroup of o
×
F consisting of totally positive units. Let Cl
+
F be the
narrow ideal class group of F and h+F the narrow class number ♯Cl
+
F of F . Choose and fix
t1, · · · , th+
F
∈ A×F such that ti,∞ = 1 and the corresponding fractional ideals [t1], · · · , [th+
F
]
form a complete set of representatives of Cl+F . Throughout the paper, we assume that
[ti] is prime to p for each i.(1.3)
We put
xi =
(
D−1t−1i 0
0 1
)
∈ G(A)+.
We define the analytic Hilbert modular varieties Yi by
Yi = Γ1(dF [ti], n)\HJF ,(1.4)
where Γ denotes Γ/(Γ ∩ F×) for a congruence subgroup Γ of G(Q)+. Then, by the strong
approximation theorem, we have the following description of Y (n):
Y (n) ≃
∐
1≤i≤h+
F
Yi(1.5)
given by sending the class of xig ∈ Y (n) to the class of gi ∈ Yi for g ∈ G∞,+.
1.2. Analytic Hilbert modular forms. In this subsection, we fix notation concerning the
spaces of Hilbert modular forms, following [Dim, §1.2], [Shi, §2].
Let k be an integer ≥ 2 and n a non-zero ideal of oF . Let t =
∑
ι∈JF ι ∈ Z[JF ]. For each
subset J of JF , let Mk,J(n,C) (resp. Sk,J(n,C)) denote the C-vector space Gkt,J(K1(n))
(resp. Skt,J(K1(n))) of Hilbert modular (resp. cusp) forms of weight kt, level K1(n), and
type J at infinity defined in [Dim, Definition 1.2]. Let χ be a Hecke character of F of
type −(k − 2)t whose conductor divides n. Let Mk,J(n, χ,C) (resp. Sk,J(n, χ,C)) denote
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the subspace Gkt,J(K1(n), χ) (resp. Skt,J(K1(n), χ)) of Gkt,J(K1(n)) (resp. Skt,J(K1(n))) of
elements with character χ defined in [Dim, Definition 1.3]. If J = JF , then we simply write
Mk(n,C) andMk(n, χ,C) (resp. Sk(n,C) and Sk(n, χ,C)) forMk,JF (n,C) andMk,JF (n, χ,C)
(resp. Sk,JF (n,C) and Sk,JF (n, χ,C)), respectively. We note that the spaces Mk(n,C) and
Mk(n, χ,C) are embedded into the space of Hilbert modular forms defined in [Shi, §2] (see,
for example, [Ge–Go, §5.5]).
For a fractional ideal a of F , let Mk(Γ1(a, n),C) (resp. Sk(Γ1(a, n),C)) denote the space
Gkt,JF (Γ1(a, n);C) (resp. Skt,JF (Γ1(a, n);C)) of holomorphic Hilbert modular (resp. cusp)
forms of weight kt and of level Γ1(a, n) defined in [Dim, Definition 1.4]. Then we have
canonical isomorphisms (cf. [Hida91, p.323] and [Hida88, (2.6a)]):
Mk(n,C) ≃
⊕
1≤i≤h+
F
Mk(Γ1(dF [ti], n),C), Sk(n,C) ≃
⊕
1≤i≤h+
F
Sk(Γ1(dF [ti], n),C).(1.6)
1.3. Dirichlet series associated to Hilbert modular forms. In this subsection, we
recall the definition and properties of the Dirichlet series associated to Hilbert modular
forms, following [Shi, §2].
Let h ∈ Mk(n,C) and hi ∈ Mk(Γ1(dF [ti], n),C) such that h = (hi)1≤i≤h+
F
under the
isomorphism (1.6). Then hi has the Fourier expansion of the form
hi(z) = c∞([ti]−1,h)N([ti])k/2 +
∑
0≪ξ∈[ti]
c(ξ[ti]
−1,h)N(ξ)k/2eF (ξz)(1.7)
given by [Shi, (2.18)] and [Hida88, Proposition 4.1]. Here the notion ≫ 0 means totally
positive, m 7→ c(m,h) is a function on the set of all fractional ideals of F vanishing outside
the set of integral ideals, and eF denotes the additive character of F\AF characterized by
eF (x∞) = exp(2π
√−1x∞) for x∞ ∈ AF,∞. We put
a∞(0, hi) = c∞([ti]−1,h)N([ti])k/2 and a∞(ξ, hi) = c(ξ[ti]−1,h)N(ξ)k/2
for any 0≪ ξ ∈ [ti]. We also put
C∞,i(0,h) = N([ti])−k/2a∞(0, hi),(1.8)
C(m,h) = N(m)k/2c(m,h)(1.9)
for all non-zero ideals m of oF . Let η be a narrow ray class character of F . The Dirichlet
series in the sense of G. Shimura [Shi, (2.25)] is defined by∑
m
C(m,h)η(m)N(m)−s for s ∈ C,(1.10)
where m runs over the set of all non-zero ideals of oF . It converges absolutely if Re(s)
is sufficiently large and extends to a meromorphic function on the complex plane (see, for
example, [Hira, §2.3]). For each h ∈ Mk(n,C), let D(s,h, η) denote this meromorphic
function. If η is the trivial character, we simply write D(s,h) for D(s,h, η).
1.4. Hecke operators on analytic Hilbert modular forms. Let n be a non-zero ideal
of oF . In this subsection, we recall the definition of the Hecke operators acting on M2(n,C)
and S2(n,C), following [Dim, §1.10].
Let ∆(n) be the following semigroup:
∆(n) = G(Af ) ∩
{(
a b
c d
)
∈M2(ôF )
∣∣∣∣c ∈ nôF , dq ∈ o×Fq whenever q|n} ,
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where q is a non-zero prime ideal of oF . For y ∈ ∆(n), we define the action of the double
coset K1(n)yK1(n) on M2(n,C) (resp. S2(n,C)) by
f|[K1(n)yK1(n)](x) =
∑
i
f(xy−1i ),(1.11)
whereK1(n)yK1(n) =
∐
iK1(n)yi. By the definition ofM2(n,C) and S2(n,C), the right-hand
side is independent of the choice of the representative set {yi}i.
We define the Hecke operator T (̟eq) (resp. S(̟
e
q)) for a non-negative integer e, a non-zero
prime ideal q of oF (resp. prime ideal q of oF prime to n), and a uniformizer ̟q of oFq by
the action of the double coset K1(n)
(
̟eq 0
0 1
)
K1(n) (resp. K1(n)
(
̟eq 0
0 ̟eq
)
K1(n)). We
note that these operators are independent of the choice of ̟q. We put T (q
e) = T (̟eq) and
S(qe) = S(̟eq) (resp. U(q
e) = T (̟eq)) for a non-negative integer e and a non-zero prime
ideal q prime to n (resp. prime ideal q dividing n). We define T (m) =
∏
q∤n T (q
e(q)) and
S(m) =
∏
q∤n S(q
e(q)) for all non-zero ideal m =
∏
q∤n q
e(q) of oF prime to n and U(m) =∏
q|n U(q
e(q)) for all non-zero ideal m =
∏
q|n q
e(q) of oF , where q is a non-zero prime ideal.
The definition of the Hecke operators acting on M2(Γ1(a, n),C) and S2(Γ1(a, n),C) and
their relation (via (1.6)) to the adelic ones recalled above are explicitly given in [Shi, §2].
By [Shi, (2.23)], we have a relation between the Hecke operators and the Fourier expansion
of the following form: for f ∈M2(n,C) and V (m′) = T (m′) or U(m′),
C(m, f|V (m′)) =
∑
m+m′⊂c
N(c)C(c−2mm′, f|S(c)).(1.12)
For a subalgebra A of C, let H2(n, A) (resp. H2(n, A)) be the commutative A-subalgebra
of EndC(M2(n,C)) (resp. EndC(S2(n,C))) generated by T (m), S(m) for all non-zero ideal
m =
∏
q∤n q
e(q) of oF prime to n and U(m) for all non-zero ideal m =
∏
q|n q
e(q) of oF .
Let F˜ be the Galois closure of F in Q, and let F ′ be the field generated by elements εt/2
for all ε ∈ o×F,+ over F˜ . Let Φp be the composite field of ιp((F ′)ι(
√−1)) in Qp for all ι ∈ JF ,
where ιp : Q→ Qp is the fixed embedding. Let O be the ring of integers of a finite extension
of Φp. For h = (hi)1≤i≤h+
F
∈ M2(n,C), hi ∈ M2(Γ1(dF [ti], n),C) has the Fourier expansion
of the form (1.7). For a subalgebra A of C, we put
M2(Γ1(dF [ti], n), A) =M2(Γ1(dF [ti], n),C) ∩A[[eF (ξz) : ξ = 0 or 0≪ ξ ∈ F ]],
S2(Γ1(dF [ti], n), A) = S2(Γ1(dF [ti], n),C) ∩A[[eF (ξz) : ξ = 0 or 0≪ ξ ∈ F ]],
M2(n, A) =
⊕
1≤i≤h+
F
M2(Γ1(dF [ti], n), A), S2(n, A) =
⊕
1≤i≤h+
F
S2(Γ1(dF [ti], n), A).(1.13)
The space M2(n,O) (resp. S2(n,O)) is stable under H2(n,O) (resp. H2(n,O)) (see, for
example, [Hida88, Theorem 4.11], [Hida91, Theorem 2.2 (ii)]).
2. Selmer groups
2.1. Definition of Selmer groups. In this subsection, we recall the notation and defini-
tions of Selmer groups for a nearly ordinary Galois representation with Selmer weights in
the sense of T.Weston [We].
Let F be a finite extension of Q. Let F∞ denote the cyclotomic Zp-extension of F . Let GF
denote the absolute Galois group of F . We put Γ = Gal(F∞/F ). Let Kp be a finite extension
of Qp and V a finite dimensionalKp-vector space endowed with a continuous Kp-linear action
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of GF . We put n = dimKp V . For a real place v of F , let d
±
v (V ) denote the dimension of the
(±1)-eigenspaces of a complex conjugation in GFv acting on V , respectively. Let O denote
the ring of integers of Kp. We choose a GF -stable O-lattice T in V . We put A = V/T .
We call A a torsion quotient of V . Then A is a discrete O-module with the action of GF ,
which is isomorphic to (Kp/O)n as an O-module. We say that V is a nearly ordinary Galois
representation of GF ([We, §1.2]) if, for every place v of F lying above p, V has a GFv -stable
complete flag of Kp-subspaces
0 = V 0v  V
1
v  · · ·  V nv = V.
A set W of Selmer weights for V in the sense of Weston ([We, §1.2]) is a choice of integers
cv(V ) for every place v of F lying above p such that 0 ≤ cv(V ) ≤ n and∑
v|p
[Fv : Qp] · cv(V ) =
∑
v : real places
d−v (V ) +
∑
v : complex places
n.
For every place w of F∞ lying above p, let AWw denote the image of V
n−cv(V )
v in A under the
canonical morphism V ։ A with v the restriction of w to F :
0 // V
n−cv(V )
v

// V

0 // AWw // A = V/T // A/AWw // 0.
For every place w of F∞, the local Galois cohomology H1s,W(F∞,w, A) is defined by
H1s,W(F∞,w, A) =
{
H1(F∞,w, A) if w ∤ p,
im
(
H1(F∞,w, A)→ H1(IF∞,w , A/AWw )
)
if w|p.
Here IF∞,w denotes the inertia subgroup of GF∞,w .
Let Σ(F ) denote the set of all places of F . Let Σp(F ) denote the set of all places of F
lying above p, and let Σ∞(F ) denote the set of all infinite places of F . We put
Ram(A) = {v ∈ Σ(F ) | v /∈ Σp(F ) ∪ Σ∞(F ) and the action of GFv on A is ramified}.
We say that a finite subset Σ of Σ(F ) is sufficient large for A ([We, §1.3]) if Σ contains
Σp(F ) ∪ Σ∞(F ) ∪Ram(A).
Let A be a torsion quotient of a nearly ordinary Galois representation V with Selmer
weights W. Let Σ be a finite subset of Σ(F ) such that Σ is sufficient large for A. We define
the Selmer group SelW(F∞, A) of A in the sense of Weston [We, §1.3] by
SelW(F∞, A) = ker
H1(FΣ/F∞, A)→ ∏
w|v∈Σ
H1s,W(F∞,w, A)
 .
Here FΣ denotes the maximal extension of F which is unramified outside Σ.
Next we define the non-primitive Selmer groups in the sense of R.Greenberg [Gre–Vat,
§2]. Let Σ0 be a subset of Σ\{Σp(F ) ∪ Σ∞(F )}. We define the non-primitive Selmer group
SelΣ0W (F∞, A) of A and Σ0 by
SelΣ0W (F∞, A) = ker
H1(FΣ/F∞, A)→ ∏
w|v∈Σ\Σ0
H1s,W(F∞,w, A)
 .
We have SelW(F∞, A) ⊂ SelΣ0W (F∞, A) by the definition.
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Let Λ denote the Iwasawa algebra O[[Γ]]. We know that the groups H1(FΣ/F∞, A),
H2(FΣ/F∞, A),
∏
w|vH
1
s,W(F∞,w, A), and SelW(F∞, A) are discrete O-modules with a nat-
ural continuous action of Γ. Hence these groups are regarded as Λ-modules and are known
to be cofinitely generated, that is, their Pontryagin duals are finitely generated Λ-modules.
The following is conjectured by [We, Conjecture 1.7]:
Conjecture 2.1. For every nearly ordinary Galois representation V with Selmer weightsW,
the Selmer group SelW(F∞, A) of a torsion quotient A of V is finitely generated Λ-cotorsion.
In order to confirm Conjecture 2.1 in some special cases, we will need the Selmer groups
and the non-primitive Selmer groups of the residual Galois representation A[̟] defined as
follows. Let ̟ be a uniformizer of O. Let A[̟] denote the ̟-torsion of A. For every place
w of F∞, the local Galois cohomology H1s,W(F∞,w, A[̟]) is defined by
H1s,W(F∞,w, A[̟]) =
{
H1(F∞,w, A[̟]) if w ∤ p,
im
(
H1(F∞,w, A[̟])→ H1(IF∞,w , (A/AWw )[̟])
)
if w|p.
We define the Selmer group SelW(F∞, A[̟]) of A[̟] by
SelW(F∞, A[̟]) = ker
H1(FΣ/F∞, A[̟])→ ∏
w|v∈Σ
H1s,W(F∞,w, A[̟])
 .
We also define the non-primitive Selmer group SelΣ0W (F∞, A[̟]) of A[̟] and Σ0 by
SelΣ0W (F∞, A[̟]) = ker
H1(FΣ/F∞, A[̟])→ ∏
w|v∈Σ\Σ0
H1s,W(F∞,w, A[̟])
 .
We have SelW(F∞, A[̟]) ⊂ SelΣ0W (F∞, A[̟]) by the definition.
2.2. Structure of Selmer groups. Let A be a torsion quotient of a nearly ordinary Galois
representation V with Selmer weights W. Let Σ be a finite subset of Σ(F ) such that Σ is
sufficient large for A. Let Σ0 be a subset of Σ\{Σp(F ) ∪ Σ∞(F )} such that Σ0 contains
Ram(A). We put A∗ = Hom(T, µp∞). This is also a discrete O-module equipped with the
action of Gal(FΣ/F ). For a locally compact Zp-module M , let M
PD denote the Pontryagin
dual of M .
Proposition 2.2. Assume that H0(F∞, A∗ ⊗O Kp/O) = 0 and SelW(F∞, A) is finitely
generated Λ-cotorsion. Then we have
SelΣ0W (F∞, A)/SelW(F∞, A) ≃
∏
w|v∈Σ0
H1s,W(F∞,w, A).
In particular, SelΣ0W (F∞, A) is finitely generated Λ-cotorsion, and the following equalities
hold:
corankO(SelΣ0W (F∞, A)) = corankO(SelW(F∞, A)) +
∑
w|v∈Σ0
corankO(H1s,W(F∞,w, A)),
µ(SelΣ0W (F∞, A)
PD) = µ(SelW(F∞, A)PD).
Proof. By our assumptions and [We, §1.4, Proposition 1.8], the sequence
0→ SelW(F∞, A)→ H1(FΣ/F∞, A)→
∏
w|v∈Σ
H1s,W(F∞,w, A)→ 0
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is exact. Then our first assertion follows from the snake lemma for
0 // SelW(F∞, A) // _

H1(FΣ/F∞, A) //
∏
w|v∈Σ
H1s,W(F∞,w, A)


// 0
0 // SelΣ0W (F∞, A) // H
1(FΣ/F∞, A) //
∏
w|v∈Σ\Σ0
H1s,W(F∞,w, A) // 0.
We fix a place v ∈ Σ0. For every place w of F∞ lying above v, by [NSW, Chapter VII,
Theorem 7.1.8 (i)], the exact sequence 0→ A[̟]→ A ×̟−−→ A→ 0 implies that H1(F∞,w, A)
is divisible. Moreover, since w ∤ p, by [Gre89, §3, Proposition 2], ∏w|vH1s,W(F∞,w, A) =∏
w|vH
1(F∞,w, A) is finitely generated Λ-cotorsion. Now
∏
w|vH
1
s,W(F∞,w, A) is a finitely
generated O-comodule and hence we obtain the equalities as desired. 
Proposition 2.3. Let p be an odd prime number. Assume that, for every place w of F∞
lying above p, IF∞,w acts trivially on A/A
W
w and H
0(F,A[̟]) = 0. Then we have
SelΣ0W (F∞, A[̟]) ≃ SelΣ0W (F∞, A)[̟].
Proof. The assumption H0(F,A[̟]) = 0 implies that H0(F∞, A[̟]) = 0 because Γ is a pro-p
group. Then we have H0(F∞, A) = 0 and hence the exact sequence 0 → A[̟] → A ×̟−−→
A→ 0 induces an isomorphism
H1(FΣ/F∞, A[̟]) ≃ H1(FΣ/F∞, A)[̟].
We have the following commutative diagram:
SelΣ0W (F∞, A[̟])
  //
 _

SelΣ0W (F∞, A)[̟]
  //
 _

SelΣ0W (F∞, A) _

H1(FΣ/F∞, A[̟])
≃
//

H1(FΣ/F∞, A)[̟]
  // H1(FΣ/F∞, A)
∏
w|v∈Σ\Σ0
H1s,W(F∞,w, A[̟])
⋆
//
∏
w|v∈Σ\Σ0
H1s,W(F∞,w, A).
Thus, for the proof, it suffices to show the injectivity of the morphism ⋆. In order to do it,
we consider the following commutative diagram:∏
w|v∈Σ\Σ0
H1s,W(F∞,w, A[̟])
  //
⋆

∏
w|v∤p∈Σ\Σ0
H1(IF∞,w , A[̟]) ×
∏
w|v∈Σp(F )
H1(IF∞,w ,D[̟])
⋆⋆
∏
w|v∈Σ\Σ0
H1s,W(F∞,w, A)
  //
∏
w|v∤p∈Σ\Σ0
H1(IF∞,w , A)×
∏
w|v∈Σp(F )
H1(IF∞,w ,D),
where we write D for A/AWw to simplify the notation. Here the injectivity of the horizontal
morphisms follows from that, for every place w of F∞ such that w ∤ p, GF∞,w/IF∞,w has
profinite order prime to p. Thus, it suffices to show the injectivity of the morphism ⋆⋆.
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For a place w | v ∈ Σ\Σ0 such that w ∤ p, by the definition of Σ0, we have H0(IF∞,w , A) = A,
which is divisible, and hence the exact sequence 0→ A[̟]→ A ×̟−−→ A→ 0 implies that
H1(IF∞,w , A[̟])→ H1(IF∞,w , A) is injective.
For a place w|v ∈ Σp(F ), by the assumption on D, we have H0(IF∞,w ,D) = D, which is
divisible, and hence the exact sequence 0→ D[̟]→ D ×̟−−→ D → 0 implies that
H1(IF∞,w ,D[̟])→ H1(IF∞,w ,D) is injective
as desired. 
Proposition 2.4. Assume that SelΣ0W (F∞, A[̟]) is finite. Then, under the same assump-
tions as Proposition 2.3, SelΣ0W (F∞, A) and SelW(F∞, A) are finitely generated Λ-cotorsion.
Proof. By our assumptions and Proposition 2.3, SelΣ0W (F∞, A)[̟] is finite. Since we have
(SelΣ0W (F∞, A)[̟])
PD ≃ SelΣ0W (F∞, A)PD/̟, which is finite, the structure theorem of finitely
generated Λ-modules (see, for example, [Was, Chapter 13, Theorem 13.12]) implies that
SelΣ0W (F∞, A) is finitely generated Λ-cotorsion. Since SelW(F∞, A) ⊂ SelΣ0W (F∞, A), we
have SelΣ0W (F∞, A)
PD ։ SelW(F∞, A)PD and hence SelW(F∞, A) is also finitely generated
Λ-cotorsion. 
Let κ denote the residue field of O.
Proposition 2.5. Assume that H0(F∞, A∗ ⊗O Kp/O) = 0. Then, under the same assump-
tions as Proposition 2.3 and Proposition 2.4, we have
corankO(SelΣ0W (F∞, A)) = dimκ(Sel
Σ0
W (F∞, A[̟])).
Proof. By Proposition 2.4, SelΣ0W (F∞, A)
PD is a finitely generated O-module and hence, by
Proposition 2.3, it suffices to show that SelΣ0W (F∞, A) has no proper Λ-submodules of fi-
nite index. By Proposition 2.4, SelW(F∞, A) is finitely generated Λ-cotorsion and hence
Proposition 2.2 implies that SelΣ0W (F∞, A)/SelW(F∞, A) ≃
∏
w|v∈Σ0 H
1
s,W(F∞,w, A), which
is divisible (by the proof of Proposition 2.2). Now the assertion follows from the fact ob-
tained by [We, Proposition 1.8 (2)] that SelW(F∞, A) has no proper Λ-submodule of finite
index. 
We can compare SelΣ0W (F∞, A) with SelW(F∞, A) by the following proposition:
Proposition 2.6. Let v be a finite place of F prime to p, and let Pv(X) = det((1 −
FrobvX)|VIFv ) ∈ O[X]. Let Pv = Pv(N(qv)
−1γv) ∈ Λ, where qv denotes the prime ideal
of oF corresponding to v, and γv denotes the Frobenius automorphism corresponding to v
in Γ. Then, for each place w of F∞ lying above v, the characteristic ideal of the Λ-module∏
w|vH
1
s,W(F∞,w, A)
PD is generated by Pv.
Proof. We fix a place w of F∞ lying above v. Let Γv denote the decomposition subgroup
of Γ for w|v. Since H1s,W(F∞,w, A) ⊗O[[Γv]] Λ ≃
∏
w′|vH
1
s,W(F∞,w′ , A), it suffices to show
that the characteristic ideal of the O[[Γv]]-module H1s,W(F∞,w, A)PD is generated by Pv. Let
RFv denote the ramification subgroup of GFv , which has profinite order prime to p. Since
IFv/RFv ≃
∏
(ℓ,qv)=1
Zℓ(1) (see, for example, [SE, Chapter IV, §2, Exercise 2]), there exists a
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unique subgroup JFv of IFv such that JFv has profinite order prime to p and IFv/JFv ≃ Zp(1).
We put IFv = IFv/JFv and G = GF∞,w/JFv . Therefore we obtain
H1s,W(F∞,w, A) ≃ H1(G,AJFv )
≃ H1(G,AJFv )
≃ H1(IFv , AJFv )G/IFv .
Here the first isomorphism is obtained from the inflation-restriction sequence for 1→ JFv →
GF∞,w → G → 1 because JFv has profinite order prime to p, the second isomorphism
is obtained from that the canonical morphism AJFv →֒ A ։ AJFv induces an isomorphism
AJFv ≃ AJFv because JFv has profinite order prime to p, and the last isomorphism is obtained
from the inflation-restriction sequence for 1 → IFv → G → G/IFv → 1 because G/IFv has
profinite order prime to p. Note that
H1(IFv , AJFv ) ≃ AIFv (−1)
as GFv/IFv -modules. Indeed, if ǫv is a topological generator of IFv ≃ Zp(1), then we
have H1(IFv , AJFv ) ≃ H1(IFv , AJFv /(ǫv − 1)AJFv ) ≃ Hom(Zp(1), AIFv ) ≃ AIFv (−1). Let
α1, · · · , αe denote the eigenvalues of Frobv ∈ GFv/IFv acting on AIFv . Then the eigenvalues
of Frobv acting on (AIFv (−1))PD are N(qv)α−11 , · · · , N(qv)α−1e and hence, again using the
fact that G/IFv has profinite order prime to p, those eigenvalues N(qv)α
−1
i which are prin-
cipal units are the eigenvalues of γv acting on (AIFv (−1)G/IFv )PD. Therefore, our assertion
follows from that 1 −N(qv)α−1i γv ∈ O[[Γv ]] is a unit if and only if N(qv)α−1i is a principal
unit. 
2.3. Selmer groups for 1-dimensional representations. In this subsection, we compute
the Selmer groups for 1-dimensional representations under some assumptions.
We assume that F is a totally real number field. Let Σ be a finite subset of Σ(F ) such
that Σ contains Σp(F )∪Σ∞(F ). Let θ : Gal(FΣ/F )→ O× be a continuous homomorphism.
Let Vθ denote the space θ ⊗Zp Qp with the action of Gal(FΣ/F ) via θ. Let Aθ denote the
cofree O-module θ ⊗Zp (Qp/Zp) of corank 1 with the action of Gal(FΣ/F ) via θ. Let K
denote the extension of F such that ker(θ) = Gal(FΣ/K), and let K∞ denote the cyclotomic
Zp-extension of K. We put G = Gal(K∞/F ) and ∆ = Gal(K∞/F∞). We assume that
(p, ♯∆) = 1.
Then we can identify Γ with a subgroup of G such that G = ∆×Γ. Moreover, the restriction
map induces an isomorphism:
H1(FΣ/F∞, Aθ) ≃ H1(FΣ/K∞, Aθ)∆.
Since Gal(FΣ/K∞) acts trivially on Aθ, we have
H1(FΣ/K∞, Aθ) = Hom(Gal(MΣ∞/K∞), Aθ),
where MΣ∞ denotes the maximal abelian pro-p extension of K∞ unramified outside Σ. Let
Mp,∞∞ denote the maximal abelian pro-p extension of K∞ unramified outside Σp(F )∪Σ∞(F ).
Let L∞ denote the maximal abelian pro-p extension of K∞ unramified everywhere. We put
X∞ = Gal(M
p,∞∞ /K∞) and Y∞ = Gal(L∞/K∞).
If θ is totally even (resp. totally odd), then, for every place v ∈ Σ∞(F ), we have d−v (Vθ) = 0
(resp. d−v (Vθ) = 1). Then Vθ is a nearly ordinary Galois representation with Selmer weights
cv(Vθ) = 0 (resp. cv(Vθ) = 1) for every place v ∈ Σp(F ). Now, for B = Aθ and Aθ[̟], we
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can define the Selmer groups Sel(F∞, B) and the non-primitive Selmer groups SelΣ0(F∞, B)
as §2.1.
Proposition 2.7. Let ξ be the restriction θ|∆ of θ to ∆ and Σ0 = Σ\{Σp(F ) ∪ Σ∞(F )}.
Assume that p is odd and (p, ♯∆) = 1.
(1)
Sel(F∞, Aθ) ≃
{
HomO((X∞ ⊗Zp O)ξ , Aθ) if θ is totally even,
HomO((Y∞ ⊗Zp O)ξ, Aθ) if θ is totally odd.
In particular, Sel(F∞, Aθ) is finitely generated Λ-cotorsion.
(2) For B = Aθ and Aθ[̟],
SelΣ0(F∞, B) ≃

H1(FΣ/F∞, B) if θ is totally even,
ker
H1(FΣ/F∞, B)→ ∏
w|v∈Σp(F )
H1(IF∞,w, B)
 if θ is totally odd.
(3) Assume that ξ is non-trivial if θ is totally even, and ξ 6= ω if θ is totally odd. Then
H0(F,A∗θ ⊗O Kp/O) = 0.
Moreover, SelΣ0(F∞, Aθ) is finitely generated Λ-cotorsion.
Proof. (1), (2) First we treat the case where θ is totally even. Let 0 denote the set of the
Selmer weights for Vθ as explained before this proposition. Then we have A
0
θ,w = Aθ for
every place w of F∞ lying above v ∈ Σp(F ) and hence, for B = Aθ and Aθ[̟], we have
H1s,0(F∞,w, B) = 0,
which proves (2). Moreover the assumption (p, ♯∆) = 1 implies (1):
Sel(F∞, Aθ) = Hom(X∞, Aθ)∆ = HomO((X∞ ⊗Zp O)ξ, Aθ).
Next we treat the case where θ is totally odd. Let 1 denote the set of the Selmer weights
for Vθ as explained before this proposition. Then we have A
1
θ,w = 0 for every place w of F∞
lying above v ∈ Σp(F ) and hence, for B = Aθ and Aθ[̟], we have
H1s,1(F∞,w, B) = im
(
H1(F∞,w, B)→ H1(IF∞,w , B)
)
,
which proves (2). Moreover the assumption (p, ♯∆) = 1 implies (1):
Sel(F∞, Aθ) = Hom(Y∞, Aθ)∆ = HomO((Y∞ ⊗Zp O)ξ, Aθ).
According to a well-known theorem of K. Iwasawa ([Iwa59], [Iwa73]), X∞ and Y∞ are
finitely generated Λ-torsion, and hence Sel(F∞, Aθ) is finitely generated Λ-cotorsion as de-
sired.
(3) We note that the vanishing of H0(F,A∗θ⊗OKp/O) is equivalent to the vanishing of its
̟-torsion H0 (F,Hom(Aθ[̟], κ(1))). Thus, the first assertion follows from our assumption
on ξ. Now, by combining with Proposition 2.2 and (1), SelΣ0(F∞, Aθ) is finitely generated
Λ-cotorsion as desired. 
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2.4. Selmer groups for Hilbert modular forms. In this subsection, we apply the general
theory above to the Iwasawa main conjecture of Hilbert modular forms.
Let f ∈ S2(n,O) be a normalized Hecke eigenform for all T (q) and U(q) with character
ε. We assume that f is p-ordinary, that is, for every prime ideal p of oF lying above p, the
Hecke eigenvalue C(p, f) of T (p) is prime to p. Let
ρf : GF → GL(Tf ) ≃ GL2(O)
denote the associated Galois representation, which satisfies the following (1), (2), (3), (4):
(1) ρf is unramified at every prime ideal q of oF such that q ∤ np;
(2) Tr(ρf (Frobq)) = C(q, f) for every prime ideal q of oF such that q ∤ np;
(3) det(ρf (Frobq)) = ε(q)N(q) for every prime ideal q of oF such that q ∤ np;
(4) ρf is totally odd.
Let Vf denote the space Tf ⊗Zp Qp with the action of GF via ρf . Let Af denote the cofree
O-module Tf ⊗Zp (Qp/Zp) of corank 2 with the action of GF via ρf .
From the result of [Wil88, Theorem 2.1.4], for every prime ideal p of oF lying above p, the
restriction of ρf to the decomposition group GFp is of the form
ρf
∣∣
GFp
∼
(
ρ1 ∗
0 ρ2
)
,(2.1)
where ρ2 : GFp → O× is unramified such that ρ2 sends the arithmetic Frobenius to a unit-root
of X2 − C(p, f)X + ε(p)N(p) = 0. Then, for every place w of F∞ lying above p, Af ,w is
defined by the following exact sequence of O[GFpv ]-modules:
0→ Af ,w → Af → Af/Af ,w → 0,
where v denotes the restriction of w to F and pv denotes the prime ideal of oF corresponding
to v. Here GFpv acts on Af ,w via the character ρ1 : GFpv → O×, and on Af/Af ,w via the
character ρ2 : GFpv → O×. Thus, Vf is a nearly ordinary Galois representation with Selmer
weights cv(Vf ) = 1 for every place v ∈ Σp(F ).
Let Σ0 be the set of all finite places v of F such that qv divides n, where qv denotes the
prime ideal of oF corresponding to v. We put Σ = Σ0 ∪ Σp(F ) ∪ Σ∞(F ). Now, for B = Af
and Af [̟], we can define the Selmer groups Sel(F∞, B) and the non-primitive Selmer groups
SelΣ0(F∞, B) as §2.1.
Let κ denote the residue field of O. We assume that
(RR) the residual representation ρ¯f : GF → GL2(κ) is reducible and of the form
ρ¯f ∼
(
ϕ¯ ∗
0 ψ¯
)
,
that is, there exists an exact sequence of κ[GF ]-modules
0→ Φ→ Af [̟]→ Ψ→ 0,(2.2)
where GF acts on Φ via the character ϕ¯ : GF → κ×, and on Ψ via the character ψ¯ : GF → κ×.
Let (Aϕ, ϕ) (resp. (Aψ, ψ)) be an O-module Aϕ ≃ Kp/O (resp. Aψ ≃ Kp/O) with the action
of GF via the character ϕ = χcycεψ
−1 : GF → κ× →֒ O× (resp. ψ : GF ψ¯−→ κ× →֒ O×),
where χcyc is the p-adic cyclotomic character of GF . Note that Aϕ[̟] = Φ and Aψ[̟] = Ψ.
We assume the following parity condition:
(Parity) ϕ is ramified at every prime ideal p of oF lying above p and totally even, and
ψ is unramified at every prime ideal p of oF lying above p and totally odd.
16 YUICHI HIRANO
Hence, for every prime ideal p of oF lying above p, we have ψ(Frobp) ≡ C(p, f) (mod̟) by
(2.1). We also assume that
(µ = 0) µ(Sel(F∞, Aϕ)PD) = 0 and µ(Sel(F∞, Aψ)PD) = 0.
In order to prove Theorem 2.11 below, we need the following three lemmas.
Lemma 2.8. Assume that p is odd. Then we have
H0(F,Φ) = 0, H0(F,Ψ) = 0,
H0(F∞,Φ) = 0, H0(F∞,Ψ) = 0.
Proof. Since Γ is a pro-p group, it suffices to show that H0(F,Φ) = 0 and H0(F,Ψ) = 0. The
condition (Parity) implies that H0(F,Φ) = 0 (because ϕ is ramified at every prime ideal p of
oF lying above p) and H
0(F,Ψ) = 0 (because ψ is totally odd and p is odd) as desired. 
Lemma 2.9. Assume that p is odd. Then we have
H0(F,Af [̟]) = 0.
Proof. The sequence (2.2) induces an exact sequence
0→ H0(F,Φ)→ H0(F,Af [̟])→ H0(F,Ψ).
Now our assertion follows from Lemma 2.8. 
Lemma 2.10. Assume that p is odd. Then we have
H2(FΣ/F∞,Φ) = 0.
Proof. The exact sequence 0→ Φ→ Aϕ ×̟−−→ Aϕ → 0 induces a long exact sequence
H1(FΣ/F∞, Aϕ)
×̟−−→ H1(FΣ/F∞, Aϕ)→ H2(FΣ/F∞,Φ)→ H2(FΣ/F∞, Aϕ).
Thus, for the proof, it is enough to show the following:
(i) H1(FΣ/F∞, Aϕ) is divisible;
(ii) H2(FΣ/F∞, Aϕ) = 0.
First we prove (i). Since ϕ is totally even, we have H1(FΣ/F∞, Aϕ) = SelΣ0(F∞, Aϕ) by
Proposition 2.7 (2). Since ϕ is non-trivial, Proposition 2.7 (3) implies that SelΣ0(F∞, Aϕ)
is finitely generated Λ-cotorsion, and µ(SelΣ0(F∞, Aϕ)PD) = 0 by Proposition 2.2 and the
assumption (µ = 0). Moreover, SelΣ0(F∞, Aϕ) has no proper Λ-submodules of finite index
by the proof of Proposition 2.5 and the assumption (µ = 0). Therefore, by combining them,
H1(FΣ/F∞, Aϕ) is divisible as desired.
Next we prove (ii). By the above (i), we know corankΛ(H
1(FΣ/F∞, Aϕ)) = 0. Then, by
[Gre89, §4, Proposition 3], we have corankΛ(H2(FΣ/F∞, Aϕ)) = 0 and henceH2(FΣ/F∞, Aϕ)
is finitely generated Λ-cotorsion. Since H2(FΣ/F∞, Aϕ) is Λ-cofree by [Gre89, §4, Proposi-
tion 4], we obtain H2(FΣ/F∞, Aϕ) = 0 as desired. 
Theorem 2.11. Assume that p is odd. Then, under the above assumptions (RR), (Parity),
and (µ = 0), Sel(F∞, Af ) and SelΣ0(F∞, Af ) are finitely generated Λ-cotorsion, and the
following equality holds:
corankO(SelΣ0(F∞, Af )) = corankO(SelΣ0(F∞, Aϕ)) + corankO(SelΣ0(F∞, Aψ)).(2.3)
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Proof. For the proof of our first assertion, it suffices to check that SelΣ0(F∞, Af [̟]) is finite
by applying Proposition 2.4 with the help of Lemma 2.9. By the exact sequence (2.2) with
the help of Lemma 2.8 and Lemma 2.10, we have an exact sequence
0→ H1(FΣ/F∞,Φ)→ H1(FΣ/F∞, Af [̟])→ H1(FΣ/F∞,Ψ)→ 0.
Then this sequence induces an exact sequence
0→ SelΣ0(F∞,Φ)→ SelΣ0(F∞, Af [̟])→ SelΣ0(F∞,Ψ)→ 0.(2.4)
Indeed, by the definition of SelΣ0(F∞, Af [̟]) and the condition (Parity), we have
SelΣ0(F∞, Af [̟]) = ker
H1(FΣ/F∞, Af [̟])→ ∏
w|v∈Σp(F )
H1(IF∞,w ,Ψ)
 ,
and by Proposition 2.7 (2), we have SelΣ0(F∞,Φ) = H1(FΣ/F∞,Φ) and SelΣ0(F∞,Ψ) =
ker
(
H1(FΣ/F∞,Ψ)→
∏
w|v∈Σp(F )H
1(IF∞,w ,Ψ)
)
. Hence, for the proof, it suffices to check
that SelΣ0(F∞,Φ) and SelΣ0(F∞,Ψ) are finite. Proposition 2.7 (3) implies that SelΣ0(F∞, Aϕ)
and SelΣ0(F∞, Aψ) are finitely generated Λ-cotorsion. Moreover, by the assumption (µ = 0),
Proposition 2.2 implies that µ(SelΣ0(F∞, Aϕ)PD) = 0 and µ(SelΣ0(F∞, Aψ)PD) = 0. Now, by
combining them and Proposition 2.3, SelΣ0(F∞,Φ) and SelΣ0(F∞,Ψ) are finite as desired.
Next we prove (2.3). Since H0(F,A∗ϕ ⊗O Kp/O) = 0 and H0(F,A∗ψ ⊗O Kp/O) = 0 by
Proposition 2.7 (3), we have H0(F,A∗f ⊗O Kp/O) = 0. Therefore we obtain
corankO(SelΣ0(F∞, Af )) = dimκ(SelΣ0(F∞, Af [̟]))
= dimκ(Sel
Σ0(F∞,Φ)) + dimκ(SelΣ0(F∞,Ψ))
= corankO(SelΣ0(F∞, Aϕ)) + corankO(SelΣ0(F∞, Aψ))
as desired. Here the first equality follows from Proposition 2.5 with the help of Lemma 2.9,
the second equality follows from the exact sequence (2.4), and the last equality follows from
Proposition 2.5 with the help of Lemma 2.8. 
2.5. Applications to the algebraic Iwasawa invariants. In this subsection, we fix f ∈
S2(n,O) satisfying the conditions (RR) and (Parity) in §2.4. Let n′ be the least common
multiple of n2 and mεm
2
ψ. Let Σ0 be the set of all finite places v of F such that qv divides n
′,
where qv denotes the prime ideal of oF corresponding to v. We put Σ = Σ0∪Σp(F )∪Σ∞(F ).
Let χ be an O-valued narrow ray class character of F , whose conductor is n′, such that χ is
of order prime to p, totally even, and
µ(Sel(F∞, Aϕχ)PD) = 0, µ(Sel(F∞, Aψχ)PD) = 0.
The assumption (RR) implies that the residual representation ρ¯f⊗χ is reducible and of the
form
ρ¯f⊗χ ∼
(
ϕχ ∗
0 ψχ
)
.
Then the triple (f ⊗ χ,ϕχ, ψχ) satisfies the conditions (RR), (Parity), and (µ = 0) in
§2.4. Hence, by applying Theorem 2.11 to (f ⊗ χ,ϕχ, ψχ) instead of (f , ϕ, ψ), the Selmer
group Sel(F∞, Af⊗χ) is finitely generated Λ-cotorsion. Here we note that Sel(F∞, Af⊗χ) =
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SelΣ0(F∞, Af⊗χ) by the assumption on χ (cf. Proposition 2.6). Then we can define the
algebraic Iwasawa λ-invariant λalgf⊗χ by
λalg
f⊗χ = λ(Sel(F∞, Af⊗χ)
PD) = corankO(Sel(F∞, Af⊗χ)).(2.5)
By Proposition 2.7, we can also define the algebraic Iwasawa λ-invariants λϕχ,Σ0 and
λψχ,Σ0 by
λϕχ,Σ0 = λ(Sel
Σ0(F∞, Aϕχ)PD) = corankO(SelΣ0(F∞, Aϕχ)),(2.6)
λψχ,Σ0 = λ(Sel
Σ0(F∞, Aψχ)PD) = corankO(SelΣ0(F∞, Aψχ)).(2.7)
Therefore, by the equality (2.3), we obtain
λalg
f⊗χ = λϕχ,Σ0 + λψχ,Σ0 .(2.8)
3. Construction of distributions
3.1. Mellin transform. In this subsection, we give a Mellin transform for a Hilbert cusp
form.
Let n be a non-zero ideal of oF . Let η be a Q-valued narrow ray class character of F with
sign r ∈ (Z/2Z)JF , whose conductor is denoted by mη, such that mη is prime to dF [ti] for each
i. Let (m−1η d
−1
F [ti]
−1/d−1F [ti]
−1)× (resp. (m−1η /oF )×) be the subset of m−1η d
−1
F [ti]
−1/d−1F [ti]
−1
(resp. m−1η /oF ) consisting of elements whose annihilator is mη. We fix a non-canonical
isomorphism of oF -modules m
−1
η d
−1
F [ti]
−1/d−1F [ti]
−1 ≃ m−1η /oF ≃ oF /mη and a non-canonical
bijection induced from it (m−1η d
−1
F [ti]
−1/d−1F [ti]
−1)× ≃ (m−1η /oF )× ≃ (oF /mη)×. Hence we
may canonically identify (m−1η d
−1
F [ti]
−1/d−1F [ti]
−1)×/o×F,+ with a subgroup of Cl
+
F (mη) under
the canonical extension
1→ (oF /mη)×/o×F,+ → Cl+F (mη)→ Cl+F → 1.(3.1)
We fix a splitting of the sequence (3.1). Let ηi be a map on (m
−1
η d
−1
F [ti]
−1/d−1F [ti]
−1)×/o×F,+
defined by ηi(b¯) = sgn(b)
rη(b¯mηdF [ti]). We note that ηi(ξb¯) = η(ξ)ηi(b¯) for any b¯ ∈
(m−1η d
−1
F [ti]
−1/d−1F [ti]
−1)×/o×F,+ and 0≪ ξ ∈ [ti] prime to mη.
We put o×F,mη ,+ = {e ∈ o×F,+ | e ≡ 1 (mod mη)}. We fix a complete set Si (resp. T )
of representatives of (m−1η d
−1
F [ti]
−1/d−1F [ti]
−1)×/o×F,+ in m
−1
η d
−1
F [ti]
−1 (resp. o×F,+/o
×
F,mη ,+
in
o×F,+).
For a subset J of JF , we put z
J
ι = zι (resp. zι) if ι ∈ J (resp. ι ∈ JF \J), and
dz
J
=
∧
ι∈JF
dzJι .(3.2)
Proposition 3.1. Let f = (fi)1≤i≤h+
F
∈ S2(n,C) be a Hecke eignform of all T (q) and U(q),
and let η a Q-valued narrow ray class character of F , whose conductor is denoted by mη,
such that mη is prime to dF [ti] for each i. Then, under the above notation, we have
h+
F∑
i=1
∑
bi∈Si
ηi(b¯i)
−1
∫
√−1(F⊗R)×+/o×F,mη,+
fi(z + b¯i)dzJF = τ(η
−1)
D(1, f , η)
(−2π√−1)n .
Here b¯i denotes the image of bi ∈ Si in (m−1η d−1F [ti]−1/d−1F [ti]−1)×/o×F,+ under the canonical
map, τ(η−1) denotes the Gauss sum (defined by [Shi, (3.9)]), and the integrals are independent
of the choice of the lift bi of b¯i.
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In order to prove the proposition, we compute the following zeta integral: for h ∈ Sk(n,C),
Z(h, s) =
∫
A×
F
/F×
h(
(
t 0
0 1
)
)|t|sd×t.
Proposition 3.2. Let h = (hi)1≤i≤h+
F
∈ Sk(n,C). Then we have
Z(h, s) = |D|−sD (s+ k/2,h)
(
Γ(s+ k/2)
(2π)s+k/2
)n
.
Proof. Note that
A×F =
∐
1≤i≤h+
F
(F ⊗ R)×+ô×FD−1t−1i F×.
Then we have
Z(h, s) =
h+
F∑
i=1
∫
(F⊗R)×+ ô×FD−1t−1i F×/F×
h(
(
t 0
0 1
)
)|t|sd×t
=
h+
F∑
i=1
∫
(F⊗R)×+ ô×F F×/F×
h(
(
D−1t−1i t 0
0 1
)
)|D−1t−1i t|sd×t.
Since (F ⊗R)×+ô×FF×/F× = (F ⊗R)×+/o×F,+ · ô×F and h is right-invariant with respect to the
action of
(
ô×F 0
0 1
)
, we have
Z(h, s) =
h+
F∑
i=1
∫
(F⊗R)×+/o×F,+
h(
(
D−1t−1i t∞ 0
0 1
)
)|D−1t−1i t∞|sd×t∞.
Thus we obtain
Z(h, s) =
h+
F∑
i=1
∫
(F⊗R)×+/o×F,+
hi(
√−1t∞)tk/2∞ |D−1t−1i t∞|sd×t∞
(3.3)
=
h+
F∑
i=1
∫
(F⊗R)×+/o×F,+
∑
0≪ξ∈[ti]
a∞(ξ, hi)eF (
√−1ξt∞)|D−1t−1i |sts+k/2∞ d×t∞
= |D|−s
h+
F∑
i=1
∫
(F⊗R)×+/o×F,+
∑
0≪ξ∈[ti]
a∞(ξ, hi)N([ti]−1)k/2
N(ξ[ti]−1)s+k/2
eF (
√−1ξt∞)(ξt∞)s+k/2d×(ξt∞)
= |D|−s
h+
F∑
i=1
∑
ξo×
F,+
C(ξ[ti]
−1,h)
N(ξ[ti]−1)s+k/2
∫
(F⊗R)×+
eF (
√−1t∞)ts+k/2∞ d×t∞
= |D|−sD (s+ k/2,h)
(
Γ(s+ k/2)
(2π)s+k/2
)n
,
which proves the assertion. Here the first equality follows from the definition of hi ([Shi,
(2.7)]) and the fourth equality follows from the definition of C(ξ[ti]
−1,h) (§1.3). 
By evaluating the equation (3.3) at s = 0, we obtain the following:
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Proposition 3.3. Let h = (hi)1≤i≤h+
F
∈ Sk(n,C). Then, under the above notation, we have
h+
F∑
i=1
∫
√−1(F⊗R)×+/o×F,+
hi(z)Im(z)
k/2−1dz
JF
= D(k/2,h)
(
Γ(k/2)
−(2π)k/2√−1
)n
.
Now we prove Proposition 3.1. Let f ⊗ η = ((f ⊗ η)i)1≤i≤h+
F
∈ S2(nη,C) be a Hecke
eigenform defined by
(f ⊗ η)i(z) =
∑
0≪ξ∈[ti]
a∞(ξ, fi)η(ξ[ti]−1)eF (ξz)
([Shi, Proposition 4.4, 4.5]), where nη is the least common multiple of n, m
2
η, and mηn. Since
D(s, f ⊗ η) = D(s, f , η), by applying Proposition 3.3 to f ⊗ η instead of h, we have
τ(η−1)
h+
F∑
i=1
∫
√−1(F⊗R)×+/o×F,+
(f ⊗ η)i(z)dzJF = τ(η
−1)
D(1, f , η)
(−2π√−1)n .(3.4)
Thus it suffices to show that the left-hand side of (3.4) is equal to the left-hand side of the
equation in Proposition 3.1. By [Shi, (3.11)], we have
η(ξ[ti]
−1)τ(η−1) =
∑
b∈(m−1η d−1F [ti]−1/d−1F [ti]−1)×
ηi(b¯)
−1eF (ξb).
Then the left-hand side of (3.4) is equal to
h+
F∑
i=1
∫
√−1(F⊗R)×+/o×F,+
∑
0≪ξ∈[ti]
a∞(ξ, fi)
∑
bi∈Si
∑
u∈T
ηi(b¯i)
−1eF (ξbiu−1)eF (ξz)dzJF
=
h+
F∑
i=1
∑
bi∈Si
ηi(b¯i)
−1
∫
√−1(F⊗R)×+/o×F,+
∑
u∈T
fi(z + biu
−1)dz
JF
=
h+
F∑
i=1
∑
bi∈Si
ηi(b¯i)
−1
∫
√−1(F⊗R)×+/o×F,mη,+
fi(z + bi)dzJF ,
which is the the left-hand side of the equation in Proposition 3.1 as desired. Here we may
regard fi(z + bi) as a function on
√−1(F ⊗R)×+/o×F,mη ,+ because fi(uz + bi) = fi(z + bi) for
any u ∈ o×F,mη,+. Furthermore, the integrals in the last line of this equation are independent
of the choice of the lift bi of b¯i (because if b¯i = b¯
′
i, then there is γ ∈ Γ1(dF [ti], n) such
that b = γ(b′) and γ(∞) = ∞). Hence the integral depends only on the image b¯i of bi in
(m−1η d
−1
F [ti]
−1/d−1F [ti]
−1)×/o×F,+ and it shall be denoted by∫
√−1(F⊗R)×+/o×F,mη,+
fi(z + b¯i)dzJF .
We consider a Mellin transform in the anti-holomorphic case. Let WG denote the Weyl
group K∞/K∞,+, which is identified with the set {wJ | J ⊂ JF }, where, for each subset J
of JF , wJ ∈ K∞ such that wJ,ι =
(
1 0
0 1
)
if ι ∈ J and wJ,ι =
(−1 0
0 1
)
if ι ∈ JF \J . Then
WG acts on the space
⊕
J⊂JF S2,J(n,C) of Hilbert cusp forms via h 7→ hJ := h|[K∞wJK∞].
CONGRUENCES BETWEEN HILBERT MODULAR FORMS AND THE IWASAWA λ-INVARIANTS 21
Since K∞wJK∞ = K∞wJ , we have fJ(x) = f(xwJ ). Then fJ,i has the Fourier expansion of
the form
fJ,i(z) =
∑
µ∈[ti], {µ}=J
a(µ, fJ,i)eF (µz)
given by [Hida94, Theorem 6.1]. Here {µ} = {ι ∈ JF |µι > 0}. Since the action of WG is
compatible with the Hecke operators T (q) and U(q), fJ is also a Hecke eigenform of all T (q)
and U(q). Hence, by [Hida94, Corollary 6.2], the V (q)-eigenvalue a(µ, fJ,i)N([ti]
−1) is equal
to C(q, f), where q = µ[ti]
−1 and V (q) = T (q) or U(q).
We define (f ⊗ η)J = ((f ⊗ η)J,i)1≤i≤h+
F
∈ S2,J(nη ,C) by
(f ⊗ η)J,i(z) =
∑
µ∈[ti], {µ}=J
a(µ, fJ,i)η∞(νJ)η(µ[ti]−1)eF (µz),
where νJ ∈ AF,∞ such that νJ,ι = 1 if ι ∈ J and νJ,ι = −1 if ι ∈ JF \J . Now the same
argument as in the proof of Proposition 3.1 shows the following:
Proposition 3.4. Under the same notation and assumptions as Proposition 3.1, we have
h+
F∑
i=1
∑
bi∈Si
ηi(b¯i)
−1
∫
√−1(F⊗R)×+/o×F,mη,+
fJ,i(z + b¯i)dzJ = η∞(νJ )τ(η
−1)
D(1, f , η)
(−2π√−1)n .
Here νJ ∈ AF,∞ such that νJ,ι = 1 if ι ∈ J and νJ,ι = −1 if ι ∈ JF \J , and dzJ is defined by
(3.2).
3.2. Relation between cohomology class and Dirichlet series. In this subsection, we
give a cohomological description of the Dirichlet series defined by (1.10).
We keep the notation in §3.1. We fix i ∈ Z with 1 ≤ i ≤ h+F . We abbreviate Γ1(dF [ti], n)
to Γ. We consider the Hilbert modular varieties Y (n) (defined by (1.1)) and Yi (defined by
(1.4)). Let Ci denote the set of all cusps of Yi.
We fix bi ∈ Si. We consider the following subset Hbi of HJF :
Hbi := bi +
√−1(F ⊗ R)×+ →֒ HJF .
We define an action of o×F,mη,+ on Hbi by ε ∗ (zι)ι∈JF = (ειzι − (ει − 1)bi)ι∈JF . Since
(ε − 1)bi ∈ d−1F [ti]−1 for any ε ∈ o×F,mη ,+, we see that ε ∗ (zι)ι∈JF is Γ-equivalent to (zι)ι∈JF .
Therefore we have Hbi/o
×
F,mη ,+
→ Yi.
We extend it to a morphism on their compactifications as follows. Let (HJF )BS denote the
Borel–Serre compactification of HJF , which is a locally compact manifold on which GL2(F )
acts (see, for example, [Ha, §2.1], [Hida93, §1.8], [Hira, §2.1]). We can describe the boundary
of (HJF )BS at the cusp∞ as follows. We put X = {(y, x) ∈ (F ⊗R)×+× (F ⊗R) |
∏
ι∈JF yι =
1}. Then we have
HJF
≃−→ X × R×+; (xι +
√−1yι)ι∈JF 7→
(
∏
ι∈JF
yι
− 1n yι, xι

ι∈JF
,
∏
ι∈JF
yι
)
,(3.5)
which is compatible with the action of Γ∞. Here Γ∞ denotes the stabilizer of ∞ in Γ, which
acts trivially on the second factor of the right-hand side. The compactification of HJF at the
cusp ∞ is given by X × (R×+ ∪ {∞}).
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Let Y BSi denote the Borel–Serre compactification Γ\(HJF )BS of Yi. Then Y BSi is a compact
manifold and its boundary at a cusp s, which is denoted by Ds, is given by Γs\α(X ×{∞}),
where Γs denotes the stabilizer of s in Γ and α ∈ SL2(F ) such that s = α(∞).
We define subsets HBSbi , ∂∞, and ∂bi of X × (R≥0 ∪ {∞}) as follows. Let Xbi denote the
image of Hbi in X under the composition of the isomorphism (3.5) and the projection to X.
We have Hbi ≃ Xbi × R×+. We define HBSbi , ∂∞, and ∂bi by
HBSbi = Xbi × (R≥0 ∪ {∞}), ∂∞ = Xbi × {∞}, ∂bi = Xbi × {0}.
The action of o×F,mη,+ on Hbi extends canonically to an action on H
BS
bi
. We put αbi =(
−bi 1 + b2i
−1 bi
)
. Note that αbi(∞) = bi. The embedding Hbi →֒ HJF (resp. the composition
Hbi
αbi−−→ Hbi →֒ HJF
αbi−−→ HJF ) induces an o×F,mη,+-equivariant map
Hbi ∪ ∂∞ → HJF ∪ (X × {∞}) (resp. Hbi ∪ ∂bi → HJF ∪ αbi(X × {∞}))(3.6)
because αbi(bi+
√−1y) = bi+
√−1/y. Therefore we have HBSbi /o×F,mη ,+ → Y BSi and it induces
Hnc (Y (n), A)→ Hnc (Yi, A) ≃ Hn(Y BSi , ∂(Y BSi );A)(3.7)
→ Hn(HBSbi /o×F,mη ,+, ∂bi/o×F,mη ,+ ∪ ∂∞/o×F,mη ,+;A) ≃ Hnc (Hbi/o×F,mη ,+, A)
for A = O, K, or C. Here Hnc (X,A) denotes the compactly supported cohomology of X
with coefficients in A, and ∂(Y BSi ) denotes the boundary
∐
s∈Ci Ds of Y
BS
i .
We define the evaluation map
evbi,A : H˜
n
c (Y (n), A)→ A(3.8)
by the composition of (3.7) and the trace map Hnc (Hbi/o
×
F,mη ,+
, A)→ A, where
H˜nc (Y (n), A) := H
n
c (Y (n), A)/(A-torsion).
Note that the definition of evbi,A depends only on b¯i (because if b¯i = b¯
′
i, then there is γ ∈ Γ
such that b = γ(b′) and γ(∞) =∞) and hence it shall be denoted by evb¯i,A.
Let us fix a Hilbert cusp form f ∈ S2(n,C). Let [ωf ] denote the associated cohomology class
in Hn(Y (n),C). Let [ωf ]c denote the compactly supported cohomology class in H
n
c (Y (n),C)
whose image in Hn(Y (n),C) is [ωf]. By combining these observations and Proposition 3.1,
we obtain the following cohomological description of the Dirichlet series defined by (1.10).
Proposition 3.5. Let f ∈ S2(n,O) be a Hecke eigenform for all T (q) and U(q). Assume
that a[ωf ]c ∈ H˜nc (Y (n), A) for some a ∈ A. Then, under the same notation and assumptions
as Proposition 3.1, we have
A(η) ∋
h+
F∑
i=1
∑
bi∈Si
ηi(b¯i)
−1evb¯i,A(a[ωf ]c) = aτ(η
−1)
D(1, f , η)
(−2π√−1)n .
In the anti-holomorphic case, we also obtain the following cohomological description by
the same argument as in the proof of Proposition 3.5, using Proposition 3.4 instead of
Proposition 3.1.
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Proposition 3.6. Under the same notation and assumptions as Proposition 3.4 and Propo-
sition 3.5, we have
A(η) ∋
h+
F∑
i=1
∑
bi∈Si
ηi(b¯i)
−1evb¯i,A (a[ωf ]c|[K∞wJK∞]) = aη∞(νJ)τ(η−1)
D(1, f , η)
(−2π√−1)n .
3.3. Distribution property and interpolation property. In this subsection, we con-
struct a C-valued distribution attached to a Hilbert cusp form.
Let p be a prime number such that (p, 6dF n) = 1. We decompose (p) = p1 · · · pr into
prime ideals pi of oF . Let f ∈ S2(n,O) be a normalized Hecke eigenform for all T (q) and
U(q) with character ε. We assume that f is p-ordinary, that is, for each j with 1 ≤ j ≤ r,
the T (pj)-eigenvalue C(pj , f) is prime to p. Let αpj be a unit root of the polynomial
X2 − C(pj , f)X + ε(pj)N(pj) = 0.(3.9)
Note that
K0(n)
(
̟pj 0
0 1
)
K0(n) =
∐
u∈oF /pj
K0(n)
(
1 u
0 ̟pj
)∐
K0(n)
(
̟pj 0
0 1
)
.
Then we have
C(pj , f)f(x) =
∑
u∈oF /pj
f(x
(
̟pj u
0 1
)
) + ε(pj)f(x
(
̟−1pj 0
0 1
)
).(3.10)
For v = (vj)1≤j≤r ∈ (Z≥0)r, we simply write pv =
∏
1≤j≤r p
vj
j if there is no risk of
confusion. For a non-zero ideal a of oF , let v(a) = (v(a)j)1≤j≤r ∈ (Z≥0)r such that ap−v(a) ⊂
oF and ap
−v(a) is prime to p. We use the convention α−v(a) =
∏
1≤j≤r α
−v(a)j
pj .
For a non-zero idealm of oF and a = (ai)1≤i≤h+
F
∈⊕1≤i≤h+
F
(m−1d−1F [ti]
−1/d−1F [ti]
−1)×/o×F,+,
under the same notation in §3.2, we put
Ha :=
⊕
1≤i≤h+
F
Hai and eva,C :=
⊕
1≤i≤h+
F
evai,C.
We note that the image of Ha under the right multiplication of
(
̟−1pj 0
0 1
)
is expressed as
Ha(pj), where the element a(pj) = (a(pj)i)1≤i≤h+
F
∈ ⊕1≤i≤h+
F
pjm
−1d−1F [ti]
−1 is explicitly
given as follows: under the same notation in §1.1 and a fixed splitting of (3.1), by com-
puting modulo the left action of G(F ) and the right action of K1(n), xi
(
y∞ ai
0 1
)
∞
≡(
1 −ai
0 1
)
0
(
D−1t−1i 0
0 1
)(
y∞ 0
0 1
)
∞
and
xi
(
y∞ ai
0 1
)
∞
(
̟−1pj 0
0 1
)
0
≡
(
1 −ai
0 1
)
0
(
D−1t−1i ̟
−1
pj 0
0 1
)(
y∞ 0
0 1
)
∞
≡
(
1 −(a′)−1ai
0 1
)
0
xk
(
t′y∞ 0
0 1
)
∞
,
where a′ ∈ F× and t′ ∈ (F ⊗ R)×+ such that D−1t−1i ̟−1pj = a′D−1t−1k u′t′ for some u′ ∈ ô×F .
Let R(pj) be an operation such that R(pj)eva,C is the evaluation map eva(pj ),C associated
to Ha(pj). We note that the operations R(pj) for 1 ≤ j ≤ r are compatible with each other.
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For a non-zero ideal m of oF , we define a map
µf ,α(−,m) :
⊕
1≤i≤h+
F
(m−1d−1F [ti]
−1/d−1F [ti]
−1)×/o×F,+ → C
by the following: for a ∈⊕1≤i≤h+
F
(m−1d−1F [ti]
−1/d−1F [ti]
−1)×/o×F,+,
µf ,α(a,m) = α
−v(m)
∏
q|p
(
1− α−1q ε(q)R(q)
) eva,C([ωf ]c).(3.11)
Proposition 3.7 (distribution property). Let f ∈ S2(n,O) be a normalized Hecke eigenform
for all T (q) and U(q) with character ε and p-ordinary. Then, for a non-zero ideal m of oF
and a ∈⊕1≤i≤h+
F
(m−1d−1F [ti]
−1/d−1F [ti]
−1)×/o×F,+, we have∑
b∈⊕
1≤i≤h+
F
(m−1p−1d−1
F
[ti]−1/d
−1
F
[ti]−1)×/o
×
F,+
b≡a (mod p)
µf ,α(b,mp) = µf ,α(a,m).
Here b runs over a complete set of representatives of
⊕h+
F
i=1(m
−1p−1d−1F [ti]
−1/d−1F [ti]
−1)×/o×F,+,
whose image in
⊕h+
F
i=1(m
−1d−1F [ti]
−1/d−1F [ti]
−1)×/o×F,+ under the canonical map is equal to a.
Proof. We claim that, for every prime ideal p of oF dividing p, non-zero ideal m of oF , and
a ∈⊕1≤i≤h+
F
(m−1d−1F [ti]
−1/d−1F [ti]
−1)×/o×F,+,∑
b∈⊕
1≤i≤h+
F
(m−1p−1d−1
F
[ti]−1/d
−1
F
[ti]−1)×/o
×
F,+
b≡a (mod p)
µf ,α(b,mp) = µf ,α(a,m).(3.12)
Here b runs over a complete set of representatives of
⊕h+
F
i=1(m
−1p−1d−1F [ti]
−1/d−1F [ti]
−1)×/o×F,+,
whose image in
⊕h+
F
i=1(m
−1d−1F [ti]
−1/d−1F [ti]
−1)×/o×F,+ under the canonical map is equal to a.
For the moment, we admit the claim (3.12). Let T ′ be a complete set of representatives
of
⊕h+
F
i=1(m
−1p−11 · · · p−1r−1d−1F [ti]−1/d−1F [ti]−1)×/o×F,+ in
⊕h+
F
i=1m
−1p−11 · · · p−1r−1d−1F [ti]−1. Then
the left-hand side in the proposition is equal to∑
b′∈T ′
b′≡a (mod p1···pr−1)
∑
b∈⊕
1≤i≤h+
F
(m−1p−11 ···p−1r−1p−1r d−1F [ti]−1/d−1F [ti]−1)×/o×F,+
b≡b′ (mod pr)
µf ,α(b,mp).
Hence, by applying (3.12) to the triple (pr,mp1 · · · pr−1, b′) instead of (p,m, a), the left-hand
side in the proposition is equal to∑
b′∈T ′
b′≡a (mod p1···pr−1)
µf ,α(b
′,mp1 · · · pr−1).
Now, by the same argument as above, we can prove the proposition as desired.
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It remains to prove the claim (3.12). The left-hand side of (3.12) is equal to
α−v(mp)
∑
b≡a (mod p)
∏
q|p
(1− α−1q ε(q)R(q))
 evb,C([ωf ]c)
= α−v(mp)
∑
b≡a (mod p)
∏
q|p
q6=p
(1− α−1q ε(q)R(q))
 evb,C([ωf ]c)
− α−v(mp2)ε(p)
∑
b≡a (mod p)
∏
q|p
q6=p
(1− α−1q ε(q)R(q))
R(p)evb,C([ωf ]c).
We note that the first term above is equal to
α−v(mp) (C(p, f)− ε(p)R(p))
∏
q|p
q6=p
(1− α−1q ε(q)R(q))
 eva,C([ωf ]c)(3.13)
and the second term above is equal to
−α−v(mp2)ε(p)N(p)
∏
q|p
q6=p
(1− α−1q ε(q)R(q))
 eva,C([ωf ]c).(3.14)
Here the former (3.13) follows from (3.10) and the following: under the same notation in §1.1,
a fixed splitting of (3.1), and the identification oF /p ≃ d−1F [ti]−1/pd−1F [ti]−1, by computing
modulo the left action of G(F ) and the right action of K1(n),
xi
(
y∞ ai
0 1
)
∞
(
̟p −u
0 1
)
0
≡
(
1 −ai
0 1
)
0
(
D−1t−1i 0
0 1
)(
y∞ 0
0 1
)
∞
(
̟p −u
0 1
)
0
=
(
1 −(ai + uD−1t−1i )
0 1
)
0
(
D−1t−1i ̟p 0
0 1
)(
y∞ 0
0 1
)
∞
≡
(
1 −(a′′)−1(ai + uD−1t−1i )
0 1
)
0
xj
(
t′′y∞ 0
0 1
)
∞
,
where a′′ ∈ F× and t′′ ∈ (F ⊗ R)×+ such that D−1t−1i ̟p = a′′D−1t−1j u′′t′′ for some u′′ ∈ ô×F .
Here we note that the (1, 2) entry of the first matrix in the last line is a lift of ai. Furthermore
the latter (3.14) follows from that a complete set of such representatives in (3.12) is given
by
{
(u+ ai)/̟p | u ∈ oF /p ≃ d−1F [ti]−1/pd−1F [ti]−1
}
and the map ev(u+ai)i,C depends only on
(u+ ai)i = (ai)i. Since ε(p)N(p) = −α2p + C(p, f)αp by (3.9), therefore we obtain the claim
(3.12) as desired. 
Proposition 3.8 (interpolation property). Let f ∈ S2(n,C) be a normalized Hecke eigenform
with character ε and p-ordinary. Let η be a narrow ray class character of F , whose conductor
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is denoted by mη, such that mη is prime to dF [ti] for each i, and np|mη. Then we have∑
b∈⊕
1≤i≤h+
F
(m−1η d−1F [ti]−1/d
−1
F
[ti]−1)
×
/o×
F,+
ηi(bi)
−1µf ,α(b,mη) = α−v(mη)τ(η−1)
D(1, f , η)
(−2π√−1)n ,
where b runs over a complete set of representatives of
⊕h+
F
i=1
(
m−1η d
−1
F [ti]
−1/d−1F [ti]
−1)× /o×F,+.
Proof. By the definition (3.11) and Proposition 3.5, it suffices to show that, for each m,∑
b
ηi(bi)
−1R(p1) · · ·R(pm)evb,C([ωf ]c) = 0.
Note that, by the definition of R(pj), the value R(p1) · · ·R(pm)evb,C([ωf ]c) depends on b
modulo
⊕h+
F
i=1 p
−1
1 · · · p−1m d−1F [ti]−1. Therefore, our assertion follows from that η is a primitive
character. 
4. Integrality of p-adic L-functions
In this subsection, we prove the integrality of p-adic L-functions attached to Hilbert cusp
forms divided by the canonical periods. In order to show it, we need the integrality of the
relative cohomology class attached to a Hilbert cusp form.
4.1. Partial Eichler–Shimura–Harder isomorphism. In this subsection, we recall the
Eichler–Shimura–Harder isomorphism (4.1), where we use the assumption h+F = 1 ([Hira,
§4.2]).
Let K be a finite extension of the field Φp defined in §1.4, and O the ring of integers
of K. For A = O, K, or C, let Hnc (Y (n), A) denote the compactly supported cohomol-
ogy of Y (n) with coefficients in A, and let Hnpar(Y (n), A) denote the parabolic cohomology
of Y (n) with coefficients in A, that is, Hnpar(Y (n), A) = im (H
n
c (Y (n), A)→ Hn(Y (n), A)).
Let H˜npar(Y (n), A) denote the torsion-free part of H
n
par(Y (n), A), that is, H˜
n
par(Y (n), A) =
Hnpar(Y (n), A) for A = K or C and
H˜npar(Y (n),O) = im(Hnpar(Y (n),O)→ Hnpar(Y (n),K)).
As mentioned in [Hida88, §7], Hnpar(Y (n), A) is a WG-module and hence so is H˜npar(Y (n), A),
where WG is the Weyl group explained before Proposition 3.4. In the case where n is even,
if a character ǫ of WG satisfies ♯{ι ∈ JF | ǫ(−1ι) = −1} 6= n/2, then we have
Hnpar(Y (n),C)[ǫ] ≃ S2(n,C)(4.1)
as Hecke modules, where we use the assumption that h+F = 1 ([Hira, §4.2, (4.7)]). Here WG
is identified with {±1}JF by the determinant map, and for a WG-module V , V [ǫ] denotes
the ǫ-isotypic part {v ∈ V | w · v = ǫ(w)v for all w ∈WG}. Thus the Hecke algbra H2(n,O)
is isomorphic to the O-subalgebra of EndO
(
H˜npar(Y (n),O)[ǫ]
)
.
4.2. Canonical periods. In this subsection, we recall the definition of the canonical periods
(4.2) ([Hira, §6.1]).
We keep the notation in §4.1. Let f ∈ S2(n,O) be a normalized Hecke eigenform for all
T (q) and U(q) with character ε. We put the character ǫf = 1 or sgn
JF of WG. Let pf denote
the prime ideal of the Hecke algebra H2(n,O) generated by T (q)−C(q, f) and S(q)− ε−1(q)
for all non-zero prime ideals q of oF prime to n, and U(q) − C(q, f) for all non-zero prime
ideals q of oF dividing n. The isomorphism (4.1) and the q-expansion principle over C imply
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that dimC
(
Hnpar(Y (n),C)[ǫf , pf]
)
= 1 and rankO
(
H˜npar(Y (n),O)[ǫf , pf]
)
= 1. We choose
a generator [δf]
ǫf of H˜npar(Y (n),O)[ǫf , pf]. Let [ωf]ǫf denote the projection of [ωf] to the
ǫf -isotypic part H
n
par(Y (n),C)[ǫf , pf]. We define the canonical period Ω
ǫf
f ∈ C× of f by
[ωf ]
ǫf = Ωǫff [δf ]
ǫf .(4.2)
Let C(Γ1(dF [t1], n)) denote the set of all cusps of Y (n), and let C∞ denote the subset
of C(Γ1(dF [t1], n)) consisting of cusps Γ0(dF [t1], n)-equivalent to the cusp ∞. Let DC∞(n)
denote the union of Ds for all s ∈ C∞, where Ds is the boundary of Y (n)BS at a cusp s
(§3.2). As explained in [Hira, §5.1], the Hecke correspondence U(q) preserves the component
DC∞(n). Let H2(n,O)′ be the commutative O-subalgebra of EndO(Hn−1(DC∞(n),O)) ⊕
EndO(Hn(Y (n)BS,DC∞(n);O)) ⊕ EndO(Hn(Y (n),O)) ⊕ EndO(Hn(DC∞(n),O)) generated
by U(q) for all non-zero prime ideals q of oF dividing n, and m
′
f the maximal ideal of H2(n,O)′
generated by ̟ and U(q)− C(q, f) for all non-zero prime ideals q of oF dividing n.
As mentioned in [Hira, §2.4], by the relative de Rham theory ([Bo, Theorem 5.2]), we
can define the relative cohomology class [ωf]rel in H
n(Y (n)BS,DC∞(n);C) whose image in
Hn(Y (n),C) is [ωf ]. Let [δf ]
ǫf
rel denote the class [ωf ]
ǫf
rel/Ω
ǫf
f in H
n(Y (n)BS,DC∞(n);C). We
put
H˜n(Y (n)BS,DC∞(n);O) = Hn(Y (n)BS,DC∞(n);O)/(O-torsion),
H˜n(Y (n),O) = Hn(Y (n),O)/(O-torsion).
Proposition 4.1. Let f ∈ S2(n,O) be a normalized Hecke eigenform for all T (q) and U(q)
with character ε. Assume that Hn(DC∞(n),O)m′f is torsion-free, and C(q, f) 6≡ N(q) (mod
̟) for some prime ideal q of oF dividing n. Then [δf ]
ǫf
rel is integral, that is,
[δf ]
ǫf
rel ∈ H˜n(Y (n)BS,DC∞(n);O).
Proof. We abbreviate Y (n) to Y and DC∞(n) to DC∞ . We have an exact sequence
Hn−1(DC∞ ,O)m′f → H
n(Y BS,DC∞ ;O)m′f → H
n(Y,O)m′
f
→ Hn(DC∞ ,O)m′f .
By [Hira, Proposition 5.3], Hn−1(DC∞ ,O)m′f is torsion. By the assumption, Hn(DC∞ ,O)m′f
is torsion-free. Therefore we obtain an exact sequence
0→ H˜n(Y BS,DC∞ ;O)m′f → H˜
n(Y,O)m′
f
→ Hn(DC∞ ,O)m′f .
Now the assertion follows from this exact sequence. 
4.3. Integrality of p-adic L-functions for Hilbert modular forms. Let F∞ denote the
cyclotomic Zp-extension of F . We put Γ = Gal(F∞/F ). Let γ be a topological generator of
Γ.
Theorem 4.2. Let f ∈ S2(n,O) be a normalized Hecke eigenform for all T (q) and U(q)
with character ε. Assume that f is p-ordinary. Let m be a non-zero ideal of oF such that
(m, p) = 1. We put g = (f ⊗ 1n) ⊗ 1m ∈ S2(n′,O) (cf. [Shi, Proposition 4.4, 4.5]), where,
for a non-zero ideal a of oF , 1a is the trivial character modulo a, and (n
′, p) = 1. Let χ be
a narrow ray class character of F whose conductor is n′ such that χ = ǫf on WG. Assume
that Hn(DC∞(n
′),O)m′g is torsion-free, where m′g is the maximal ideal of H2(n′,O)′ defined
before Proposition 4.1. If χ is of type S (that is, Fχ ∩ F∞ = F , where Fχ = Qker(χ)), then
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there exists a p-adic L-function Lp(f , χ, T ) ∈ O(χ)[[T ]] satisfying the following interpolation
property: for each finite order character ρ of Γ with conductor pνρ,
Lp(f , χ, ρ(γ) − 1) = α−νρτ(χ−1ρ−1) D(1, f , χρ)
(−2π√−1)nΩǫfg
∈ O(χ, ρ).(4.3)
Here Ωǫfg ∈ C× is the canonical period of g ∈ S2(n′,O) defined by (4.2)
Proof. By Proposition 4.1, the class [δg]
ǫf
rel = [ωg]
ǫf
rel/Ω
ǫf
g is integral (because C(q,g) = 0 for
every prime ideal q of oF dividing n). Hence Proposition 3.5 and 3.6 imply that the value in
the right-hand side of (4.3) belongs to O(χ, ρ) because D(s, f , χρ) = D(s,g, χρ) and the fact
[Hira, Proposition 2.5, 2.6] (that the evaluation maps factor throughHn(Y (n′)BS,DC∞(n′);C)
as explained in [Hira, §2.4]), where we use the assumption that the conductor of χ is n′.
For a non-zero ideal m of oF and a ∈ (m−1d−1F [t1]−1/d−1F [t1]−1)×/o×F,+, we define a map
µǫff ,α(−,m) by
µǫf
f ,α(a,m) = α
−v(m)
∏
q|p
(
1− α−1q ε(q)R(q)
) eva,C([ωg]ǫfc ).
By Proposition 3.7, µǫf
f ,α satisfies the distribution property. By Proposition 3.8, the distribu-
tion µǫf
f ,α/Ω
ǫf
g interpolates the value in the right-hand side of (4.3). Now our assertion follows
from the connection between O(χ)-valued measures on Gal(Fχ(µp∞)/F ) and elements of
O(χ)[[T ]] (see, for example, [Del–Ri], [Ri78], [Se]). 
5. Equality between the Iwasawa λ-invariants
5.1. The Iwasawa λ-invariants for Hilbert modular forms. In this subsection, we
define the analytic Iwasawa λ-invariant and state the main result of this paper.
We keep the notation in §4.3. Let f ∈ S2(n,O) be a normalized Hecke eigenform with
character ε. We assume that f is p-ordinary and f satisfies the conditions (RR), (Parity),
and (µ = 0) in §2.4. Let n′ be the least common multiple of n2 and mεm2ψ. We put g =
(f⊗1n)⊗1mψ ∈ S2(n′,O) (cf. [Shi, Proposition 4.4, 4.5]). Let H2(n′,O) be the commutative
O-subalgebra of EndO(Hnc (Y (n′),O))⊕EndO(Hn(Y (n′),O))⊕EndO(Hn(∂(Y (n′)BS),O))⊕
EndO(Hn+1c (Y (n′),O)) generated by T (q), S(q) for all non-zero prime ideals q of oF prime
to n′, and U(q) for all non-zero prime ideals q of oF dividing n′, and m the maximal ideal of
H2(n′,O) generated by ̟ and T (q) − C(q,g), S(q) − ε−1(q) for all non-zero prime ideals q
of oF prime to n
′, and U(q) − C(q,g) for all non-zero prime ideals q of oF dividing n′.
Let χ be an O-valued totally even narrow ray class character of F whose conductor is n′.
We define the analytic Iwasawa λ-invariant λanf⊗χ by
λanf⊗χ = λ(Lp(f , χ, T )) = deg(P
an
χ (T )).(5.1)
Here Lp(f , χ, T ) ∈ O[[T ]] is the p-adic L-function constructed in Theorem 4.2 and P anχ (T )
is the distinguished polynomial corresponding to Lp(f , χ, T ) via the Weierstrass preparation
theorem (see, for example, [Was, §7.1, Theorem 7.3]).
Theorem 5.1. Let p be a prime number such that p ≥ n+ 2 and p is prime to n and 6∆F .
Assume that h+F = 1. Let χ be an O-valued totally even narrow ray class character of F
satisfying the conditions at the beginning of §2.5. We assume the following two conditions:
(a) the local components Hn(∂
(
Y (n′)BS
)
,O)m and Hn+1c (Y (n′),O)m are torsion-free;
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(b) the local component Hn(DC∞(n
′),O)m′g is torsion-free, where m′g is the maximal ideal of
H2(n
′,O)′ defined before Proposition 4.1.
Then we have
λalg
f⊗χ = λ
an
f⊗χ(= λϕχ,Σ0 + λψχ,Σ0).
5.2. Proof of main result (Theorem 5.1). For the proof of Theorem 5.1, by the equality
(2.8), it suffices to show that
λanf⊗χ = λϕχ,Σ0 + λψχ,Σ0 .
It follows from a congruence between our p-adic L-function for g and the product of two
Deligne–Ribet p-adic L-functions (Theorem 5.2) as explained below.
In order to state Theorem 5.2, we first define the p-adic L-functions Lp(Aϕ, χ, T ) and
Lp(Aψ, χ, T ), and the non-primitive p-adic L-functions L
Σ0
p (Aϕ, χ, T ) and L
Σ0
p (Aψ, χ, T )
for the Galois representations Aϕχ and Aψχ appearing in §2.4 and §2.5. We put Λ = O[[Γ]] ≃
O[[T ]] ; γ 7→ 1 + T .
(i) The p-adic L-function Lp(Aϕ, χ, T ) ∈ Λ is defined by the interpolation property
Lp(Aϕ, χ, ρ(γ)− 1) = LF (0, χεψ−1ρ) = LF (1, χεχcycψ−1ρ)
for every non-trivial finite order character ρ of Γ. Here we remark that, by our assumption,
χεχcycψ
−1 is non-trivial character and hence LF (s, χεχcycψ−1ρ) is holomorphic for all s ∈ C.
Then, Lp(Aϕ, χ, T ) is related to the Deligne–Ribet p-adic L-function L
DR
p (s, χεωψ
−1) by
LDRp (s, χεωψ
−1) = Lp(Aϕ, χ, κ(γ)−s − 1)
for any s ∈ Zp. Here, κ(γ) is the element of 1 + pZp which induces the action of γ on
µp∞ under the identification Γ ≃ Gal(F (µp∞)/F (µp)). The non-primitive p-adic L-function
L Σ0p (Aϕ, χ, T ) ∈ Λ is defined by the interpolation property
L
Σ0
p (Aϕ, χ, ρ(γ) − 1) = L{n
′}
F (0, χεψ
−1ρ)
for every non-trivial finite order character ρ of Γ. Here L
{n′}
F (s, ∗) denotes the complex
L-functions formed from LF (s, ∗) by omitting the Euler factors for non-zero prime ideals
dividing n′. Our assumption that µ(Sel(F∞, Aϕχ)PD) = 0 and the Wiles theorem [Wil90,
Theorem 1.3, Theorem 1.4] (see also [Gre12, Proposition 9]) assert that L Σ0p (Aϕ, χ, T ) /∈ ̟Λ
and the λ-invariant of L Σ0p (Aϕ, χ, T ) is equal to λχεωψ−1,Σ0 = λϕχ,Σ0 .
(ii) The p-adic L-function Lp(Aψ , χ, T ) ∈ Λ is defined by the interpolation property
Lp(Aψ, χ, ρ(γ) − 1) = τ(χ−1ψ−1ρ−1) LF (1, χψρ)
(−2π√−1)n =
(−1)n
2n∆
1/2
F
LF (0, χ
−1ψ−1ρ−1)
for every non-trivial finite order character ρ of Γ. Here we remark that, by our assumption,
χ−1ωψ−1 is non-trivial character. Then, Lp(Aψ, χ, T ) is related to the Deligne–Ribet p-adic
L-function LDRp (s, χ
−1ωψ−1) by
LDRp (s, χ
−1ωψ−1) =
(
(−1)n
2n∆
1/2
F
)−1
Lp(Aψ, χ, κ(γ)
s − 1)
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for any s ∈ Zp. The non-primitive p-adic L-function L Σ0p (Aψ, χ, T ) ∈ Λ is defined by the
interpolation property
L
Σ0
p (Aψ , χ, ρ(γ)− 1) = τ(χ−1ψ−1ρ−1)
L
{n′}
F (1, χψρ)
(−2π√−1)n
for every non-trivial finite order character ρ of Γ. Again by the Wiles theorem, the µ-invariant
of Lp(Aψ, χ, T ) is zero and its λ-invariant is equal to λχ−1ωψ−1 = λψχ.
Next, we define the p-adic L-function Lp(G, χ, T ) ∈ Λ for the Eisenstein series G ∈
M2(n
′,O) with character ε characterized by
D(s,G) = L
{n′}
F (s, ψ)L
{n′}
F (s− 1, εψ−1).
Note that Theorem 6.1 assures the existence of such G.
(iii) The p-adic L-function Lp(G, χ, T ) ∈ Λ is defined by the interpolation property
Lp(G, χ, ρ(γ) − 1) = τ(χ−1ψ−1ρ−1)D(1,G, χρ)
(−2π√−1)n
= L
{n′}
F (0, χεψ
−1ρ)τ(χ−1ψ−1ρ−1)
L
{n′}
F (1, χψρ)
(−2π√−1)n
for every non-trivial finite order character ρ of Γ. Then clearly we have
Lp(G, χ, T ) = L
Σ0
p (Aϕ, χ, T )L
Σ0
p (Aψ, χ, T ).
Therefore, the µ-invariant of Lp(G, χ, T ) is zero and the λ-invariant of Lp(G, χ, T ) is equal
to λϕχ,Σ0 + λψχ,Σ0 . Now Theorem 5.1 follows from the following:
Theorem 5.2. Under the same assumptions as Theorem 5.1, we have
Lp(f , χ, T ) ≡ U(T )Lp(G, χ, T ) (mod̟Λ).(5.2)
Here U(T ) is a unit in Λ× characterized by
U(ρ(γ)− 1) = u′α−νρ τ(χ
−1ρ−1)
τ(χ−1ψ−1ρ−1)
for every non-trivial finite order character ρ of Γ with conductor pνρ, and some p-adic unit
u′ ∈ O×. In particular, we have
λanf⊗χ = λϕχ,Σ0 + λψχ,Σ0 .(5.3)
Proof. By our assumption, in order to apply [Hira, Theorem 6.1] to the quadruplet (g,G, n′, χρ)
instead of (f ,E, n, η), it suffices to check the congruence g ≡ G (mod̟), that is,
C(q,g) ≡ C(q,G) (mod̟)
for every prime ideal q of oF . For every prime ideal q of oF such that q ∤ n
′p, we have
C(q,g) = C(q, f) = Tr(ρf (Frobq))
≡ ψ(Frobq) + ϕ(Frobq)
≡ ψ(Frobq) + det(ρf )ψ−1(Frobq)
= ψ(Frobq) + εχcycψ
−1(Frobq)
= ψ(q) + ε(q)ψ−1(q)N(q)
= C(q,G) (mod̟).
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For every prime ideal p of oF lying above p, by (2.1), (RR), and (Parity), we obtain
C(p,g) = C(p, f) ≡ ψ(Frobp) ≡ C(p,G) (mod̟).
Moreover, by the definitions of g and G, for every prime ideal q of oF dividing n
′, we have
C(q,g) = 0, C(q,G) = 0.
Thus, by applying [Hira, Theorem 6.1], we get the congruence
τ(χ−1ρ−1)
D(1,g, χρ)
(−2π√−1)nΩ1g
≡ u′τ(χ−1ρ−1)D(1,G, χρ)
(−2π√−1)n (mod̟)
for every non-trivial finite order character ρ of Γ with conductor pνρ, where u′ is a unit in
O×. Therefore we obtain
Lp(f , χ, ρ(γ) − 1) = α−νρτ(χ−1ρ−1) D(1,g, χρ)
(−2π√−1)nΩ1g
≡ u′α−νρτ(χ−1ρ−1)D(1,G, χρ)
(−2π√−1)n
= u′α−νρ
τ(χ−1ρ−1)
τ(χ−1ψ−1ρ−1)
τ(χ−1ψ−1ρ−1)
D(1,G, χρ)
(−2π√−1)n
= U(ρ(γ) − 1)Lp(G, χ, ρ(γ) − 1) (mod̟)
for every non-trivial finite order character ρ of Γ with conductor pνρ . This proves the con-
gruence (5.2). Now the equality (5.3) follows from (5.2) and µ(Lp(G, χ, T )) = 0. 
6. Modularity of residually reducible representations
6.1. Modularity of residually reducible representations. In this subsection, we prove
a modularity theorem of residually reducible representations.
In order to do it, we recall the definition and properties of Hilbert Eisenstein series of
parallel weight 2 (see, for more detail, [Shi, §3], [Da–Da–Po, §2]):
Theorem 6.1. Let ψi be O-valued narrow ray class characters of F , whose conductor are
denoted by mψi, with sign ri ∈ (Z/2Z)JF for i = 1, 2. We put n = mψ1mψ2 and ε = ψ1ψ2. If ε
is totally even, then there exists E2(ψ1, ψ2) = (E2(ψ1, ψ2)i)1≤i≤h+
F
∈M2(n,O) with character
ε, called a Hilbert Eisenstein series, such that
D(s,E2(ψ1, ψ2)) = LF (s, ψ1)LF (s− 1, ψ2),
C(a,E2(ψ1, ψ2)) =
∑
c|a
ψ1
(a
c
)
ψ2(c)N(c) for each non-zero ideal a of oF .
Hereafter we assume that h+F = 1. Let n be a non-zero ideal of oF prime to 6p∆F and
dF [t1]. We fix narrow ray class characters ϕ and ψ of F satisfying the conditions (µ = 0),
mϕmψ = n, and
(Eis) ϕ and ψ are O-valued totally even (resp. totally odd) such that ϕ is non-trivial.
Then ϕ and ψ satisfy the condition [Hira, §5, (Eis condition)].
Let E denote the Hilbert Eisenstein series E2(ϕ,ψ) ∈ M2(n,O) attached to ϕ and ψ as
Theorem 6.1. We define the character ǫ
E
of the Weyl groupWG by ǫE = sgn
JF (resp. ǫ
E
= 1)
if both ϕ and ψ are totally even (resp. totally odd). We put ε = ϕψ.
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For each cusp s ∈ C(Γ1(dF [t1], n)), let as(0, E1) denote the constant term of E1 at s
(cf. §1.3). Let s0 ∈ C(Γ1(dF [t1], n)) such that vp(as0(0, E1)) ≤ vp(as(0, E1)) for each s ∈
C(Γ1(dF [t1], n)), where vp denotes the p-adic valuation. We put
C = as0(0, E1).
Theorem 6.2. Let p be a prime number > 3 such that p is prime to n and ∆F . We assume
the above conditions and the following three conditions:
(a) Hn(∂
(
Y (n)BS
)
,O)m, Hn+1c (Y (n),O)m, and Hn(DC∞(n),O)m′E are torsion-free, where
m (resp. m′E) is the Eisenstein maximal ideal of the Hecke algebra H2(n,O) (resp.
H2(n,O)′) defined before [Hira, Theorem 5.5]; (resp. [Hira, Proposition 5.3]);
(b) C(q,E) 6≡ N(q) (mod̟) for some prime ideal q dividing n;
(c) the ideal (C) 6= 0,O.
Then there exist a finite extension K ′ of K with the ring of integers O →֒ O′ and a uni-
formizer ̟′ such that (̟′)∩O = (̟), and a Hecke eigenform f ∈ S2(n,O′) for all T (q) and
U(q) with character ε such that f ≡ E (mod̟′), that is, for every non-zero ideal a of oF ,
C(a, f) ≡ C(a,E) (mod̟′).
Proof. We use the same notation as in the proof of [Hira, Theorem 5.5]. By the proof of
[Hira, Theorem 5.5, (5.8)], the assumption (c) implies that there exists a non-zero class
e0 ∈ H˜npar(Y (n),O)[ǫE ]\̟H˜npar(Y (n),O)[ǫE ] such that e0 is cohomologous to −[ωE] modulo
̟, and the Hecke eigenvalues of e0 are the same as those of −[ωE] modulo ̟ for all t ∈
H2(n,O). Now the Deligne–Serre lifting lemma ([Del–Se, Lemma 6.11]) in the case where
R = O, M = H˜npar(Y (n),O)[ǫE ], and T = H2(n,O) says that there exist a finite extension
K ′ of K with the ring of integers O →֒ O′ and a uniformizer ̟′ such that (̟′) ∩ O = (̟),
and a non-zero eigenvector e ∈ H˜npar(Y (n),O)[ǫE ]⊗O′ for all t ∈ T with eigenvalues λ(V (q))
such that
λ(V (q)) ≡ C(q,E) (mod̟′)
for all non-zero prime ideals q of oF prime to n (resp. dividing n) and V (q) = T (q) (resp.
U(q)). By the isomorphism (4.1), we obtain a Hecke eigenform f ∈ S2(n,C) for all T (q)
and U(q) such that e = [ωf ]. By using the relation between Hecke eigenvalues and Fourier
coefficients, we may assume that f ∈ S2(n,O′) with character ε. Therefore we obtain the
desired congruence f ≡ E (mod̟′). 
Let κ′ denote the residue field of O′.
Corollary 6.3. Under the same notation and assumptions as Theorem 6.2, the residual
Galois representation ρf = ρf (mod̟
′) : GF → GL2(κ′) associated to f is reducible and of
the form
ρf ∼
(
ϕ ∗
0 ψχcyc
)
(mod̟′).
Proof. By Theorem 6.2, the Hecke eigenform f ∈ S2(n,O′) satisfies the congruences
C(a, f) ≡
∑
c|a
ϕ
(a
c
)
ψ(c)χcyc(c) (mod̟
′)(6.1)
for every non-zero ideal a of oF . Let T denote a 2-dimensional κ
′-vector space with the
action of GF via ρf . For the proof, it suffices to show that all of the constituents of T are
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isomorphic to κ′(ϕ) or κ′(ψω). We write ρ for ρf to simplify the notation. Let
W = T ⊕ T ∗,
where T ∗ = Hom(T , κ′(εω)). We fix a prime ideal q of oF prime to np. We consider
the characteristic polynomial of Frobq acting on W . We note that ρ satisfies the relation
ρ(Frobq)
2 − C(q, f)ρ(Frobq) + ε(q)χcyc(q) = 0. Let α(q) and β(q) denote the solutions of
X2 − C(q, f)X + ε(q)χcyc(q) = 0. Let G denote a finite quotient of GF through which the
action on W factors. Let Nα(q) and Nβ(q) denote the generalized eigenspaces of ρ(Frobq)
with respect to α(q) and β(q), respectively. Then we have T = Nα(q) ⊕Nβ(q). Since the op-
eration Hom(∗, κ′(εω)) interchanges the eigenvalues of the action of Frobq, the characteristic
polynomial of Frobq acting on W is (X−α(q))2(X−β(q))2. On the other hand, the congru-
ence (6.1) implies that the characteristic polynomial of Frobq acting on κ
′(ϕ)⊕2 ⊕ κ′(ψω)⊕2,
which is regarded as a G-module, is also (X−α(q))2(X−β(q))2. By the Chebotarev density
theoremCany element of G is the image of some Frobq such that q is prime to np. Therefore,
by the Brauer–Nesbitt theorem, we obtain
W ss ≃ κ′(ϕ)⊕2 ⊕ κ′(ψω)⊕2.
Here W ss denotes the semisimplification of W . Hence there exists a filtration
0 = T0 ( T1 ( T2 = T
of T such that, for each i with 1 ≤ i ≤ 2,
Ti/Ti−1 ≃ κ′(αi),
where αi = ϕ or ψω. Since ρ is totally odd, we have α1 6= α2. This proves the corollary. 
6.2. Real quadratic field case. In this subsection, we give examples satisfying all the
assumption of the Main Theorem 0.1 by using Corollary 6.3. In order to do it, we prove (a)
of Theorem 6.2 in certain case (Proposition 6.4 and 6.5) and give a Hilbert Eisenstein series
satisfying (b) and (c) of Theorem 6.2 (Example 6.6).
In this subsection, we assume that F is a real quadratic field with h+F = 1. The following
proposition is obtained by [Hira, Proposition 5.8]:
Proposition 6.4. Assume that n is prime to 6∆F . If p is prime to 6n and ♯(o
×
F,+/o
×2
F,n),
then H3c (Y (n),O) is torsion-free.
Let u denote the fundamental unit of F . We put u+ = u (resp. u
2) if N(u) = 1 (resp.
N(u) = −1). Let ι(n) denote the index [Γ1(dF [t1], oF ) : Γ1(dF [t1], n)] of the subgroup
Γ1(dF [t1], n) in Γ1(dF [ti], oF ), where the bar
− means image in GL2(F )/(GL2(F ) ∩ F×).
Proposition 6.5. Assume that n is prime to 6∆F . If p is prime to ι(n) and u
ι(n)
+ − 1, then
H2(∂
(
Y (n)BS
)
,O) is torsion-free.
Proof. We write Γ for Γ1(dF [t1], n) to simplify the notation. We may assume Γ = Γ1(oF , n) by
taking conjugation. For the proof, it suffices to show that H2(Γs,O) = H2(α−1Γα ∩B∞,O)
is torsion-free for each cusp s ∈ C(Γ), where α ∈ SL2(oF ) such that α(∞) = s, and B∞
denotes the standard Borel subgroup of upper triangular matrices. We simply write
G = α−1Γ1(oF , oF )α ∩B∞, N = α−1Γα ∩B∞.
We note that α−1Γ1(oF , oF )α = GL2(oF ). As mentioned in [Gha, p.260], for the proof, it
suffices to show that H1(N,K/O) is divisible. By (the proof of) [Gha, §3.4.2, Proposition
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4], H1(G,K/O) is divisible. Now we reduce it to showing that H1(G,K/O) = H1(N,K/O),
that is,
Hom(G
ab
,K/O) = Hom(Nab,K/O),
where N
ab
and G
ab
denote the maximal abelian quotients of N and G, respectively. Let
ψ : N
ab → Gab denote the canonical morphism induced by N →֒ G. We have a diagram
0 // N

// G

0 // ker(ψ) // N
ab ψ
// G
ab
// cok(ψ) // 0.
Then the assumption on ι(n) implies that cok(ψ) has finite order prime to p. Hence ψ induces
an exact sequence
0→ Hom(Gab,K/O)→ Hom(Nab,K/O)→ Hom(ker(ψ),K/O)→ 0.
Thus it is enough to show that
Hom(ker(ψ),K/O) = 0.(6.2)
We simply write
GT∞ = G/(G ∩ U∞), NT∞ = N/(N ∩ U∞),
where U∞ (resp. T∞) denotes the unipotent radical (resp. the standard torus) of B∞. We
have the exact sequence
0→ N ∩ U∞ → N → NT∞ → 0.(6.3)
We note that NT∞ acts on N ∩ U∞ via the exact sequence (6.3). Let ϕN : Nab ։ NT∞
denote the morphism induced by N ։ NT∞ , and let N
′ denote the image of the morphism
(N ∩U∞)NT∞ → N
ab
induced by N ∩U∞ → N ։ Nab. We note that ker(ϕN ) ⊂ N ′. Since
the morphism NT∞ → GT∞ is injective, we have ker(ψ) ⊂ ker(ϕN ) and hence ker(ψ) ⊂ N ′.
Thus we obtain
Hom(ker(ψ),K/O)և Hom(N ′,K/O) →֒ Hom((N ∩ U∞)NT∞ ,K/O).(6.4)
Now, for the proof of (6.2), it suffices to show that the last term
Hom((N ∩ U∞)NT∞ ,K/O) = 0.
Since GT∞ ≃ o×F,+ (by [Gha, §3.4.2]), we have (o×F,+)ι(n) →֒ NT∞ →֒ o×F,+. It induces
(N ∩ U∞)(o×
F,+)
ι(n) ։ (N ∩ U∞)NT∞ , which implies
Hom((N ∩ U∞)NT∞ ,K/O) →֒ Hom((N ∩ U∞)(o×F,+)ι(n) ,K/O).
Since G ∩ U∞ ≃ oF (by [Gha, §3.4.2]), we have ι(n)oF →֒ N ∩ U∞ →֒ oF . Hence the
assumption on ι(n) and the snake lemma for
0 // N ∩ U∞
×(uι(n)+ −1)

// oF
×(uι(n)+ −1)

// oF /(N ∩ U∞) //
×(uι(n)+ −1)

0
0 // N ∩ U∞ // oF // oF /(N ∩ U∞) // 0
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implies that
Hom((N ∩ U∞)(o×
F,+)
ι(n) ,K/O) ≃ Hom(oF /(uι(n)+ − 1),K/O).
Now, by combining them, the assumption on u
ι(n)
+ − 1 implies the claim (6.2) as desired. 
Example 6.6. We give examples satisfying all the assumptions of the Main Theorem 0.1
in the case where F = Q(
√
2). We have oF = Z[
√
2], h+F = 1, ∆F = 8, u = 1 +
√
2, and
u+ = 3 + 2
√
2. We put G = Gal(K/Q) and H = Gal(K/F ), where K = Q(
√
2,
√
20149).
Let ε : H → {±1} be the non-trivial character whose conductor is a prime ideal (20149)
of oF . Let ε1 : Gal(Q(
√
20149)/Q)→ {±1} be the non-trivial character whose conductor is
a prime ideal (20149) of Z, and ε2 : Gal(Q(
√
2 · 20149)/Q)→ {±1} the non-trivial character
whose conductor is an ideal (8·20149) of Z. Then we have IndGHε = ε1⊕ε2 as G-modules and
hence LQ(s, Ind
G
Hε) = LQ(s, ε1) · LQ(s, ε2). Since LF (s, ε) = LQ(s, IndGHε), thus we obtain
LF (−1, ε) = 22 · 5 · 281 · 4951 · 13417.
Let p be a prime number ∈ {281, 4951, 13417}. Let E denote the Eisenstein series ∈
M2((20149)
2,O) characterized by
D(s,E) = L
{(20149)}
F (s, ε)L
{(20149)}
F (s− 1,1).
In order to apply Theorem 6.2 (and Corollary 6.3) to the pair (p,E), it suffices to check
the assumptions of Proposition 6.4 and 6.5. The former follows from that p is prime to
♯(oF /(20149)
2)×, and the latter follows from that p is prime to ι1((20149)2) and uι
1((20149)2)
+ −
1. Here, for a non-zero ideal a of oF , ι
1(a) denotes the index [Γ11(oF , oF ) : Γ
1
1(oF , a)], which
is explicitly given by
ι1(a) =
1
2
♯(oF /a)
×N(a)
∏
q|a
(
1 +
1
N(q)
)
if a 6= (2)
(cf. [Mi, Theorem 4.2.5]). Now, by applying Corollary 6.3, there exists f0 ∈ S2((20149)2 ,O′)
such that ρssf0 ≃ ε⊕1(20149)χcyc( mod ̟′), where 1(20149) denotes the trivial character modulo
(20149). Let θ be the non-trivial character of Gal(F (
√−19)/F ) whose conductor is a prime
ideal (19) of oF . We put n = (20149)
2(19)2 and f = f0 ⊗ θ ∈ S2(n,O′). Thus, by the same
way as above, f and n satisfy all the assumptions of the Main Theorem 0.1.
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